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Shock-induced flow separation in an overexpanded supersonic planar nozzle is investigated numerically bymeans

of three-dimensional wall-modeled large-eddy simulations (LES). The objective of this study is to identify the origin

of the low-frequency shock oscillations (LFO) and the associated side-loads generation in planar nozzles. The

computational results are compared with the experimental data for validation. The promise of the near-wall LES

modeling approach, adopted in this study, is supported by its satisfactory performance in correctly predicting

the shock-induced flow separation and offering amajor advantage of being 30–40 times faster than the wall-resolved

LES counterpart, allowing thereby the capture of very–low-frequency shock oscillations with much better statistics

convergence. The simulations bring clear evidence of the existence of broadband and energetically significant LFO in

the vicinity of the separated shock, whose forward and backward movements are mainly driven by changes in

the downstream flow conditions. The complex interactions between the backflow, the separation bubbles, and the

large-scale turbulent structures developing in the shear-layer region strongly influence the shock unsteadiness, which

in turn drives the LFO. A scenario of the LFO, confirming conclusions from earlier studies, is described in this work.

Nomenclature

A = nozzle effective area
c = speed of sound
E = total energy
F = force
Ht = nozzle-throat height
L = characteristic length
M = Mach number
p = static pressure
Qj = subgrid heat flux

_qj = heat-diffusion flux

Rαα = two-point correlation function
St = Strouhal number
T = temperature
t = time
ui = velocity components
x, y, z = Cartesian coordinates
δ = boundary-layer thickness
δij = Kronecker symbol

λ = thermal conductivity
μ = dynamic viscosity
ν = kinematic viscosity
ξ, η, ζ = generalized curvilinear coordinates

ρ = density
σij = viscous-stress tensor

τij = subgrid shear-stress tensor

Subscripts

a = ambient conditions
e = exit-nozzle variable
i = inlet-nozzle variable
r = resonant tone period
rms = root mean square
s = separation-point variable
sgs = subgrid scale
th = throat-based variable
w = wall variable
τ = friction variable
0 = total/stagnation variable
∞ = freestream condition

Superscripts

+ = wall-units variable
0 = fluctuating quantity
⋆ = normalized quantity

I. Introduction

S HOCK-INDUCED boundary-layer separation in transonic and
supersonic flows is of great importance in many practical appli-

cations, such as rocket propulsion systems, transonic airfoils, and
refrigeration ejectors. These unsteady phenomena are associated
with undesirable effects such as shock oscillations, wall-pressure
fluctuations, boundary-layer separation, and vortex shedding, which
are major causes of vibration, noise, and side-loads generation.
Comprehensive reviews of the topic can be found in [1].
Flow separation in supersonic planar nozzles has been the subject

of several experimental and numerical investigations, with the aim to
understand the different shock patterns occurring in the overexpanded
nozzle regime [2–13]. According to these studies, three typical flow
separation configurations can be identified: 1) incipient boundary-
layer separation with normal shock, 2) symmetric boundary-layer
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separation with two-symmetric λ shocks, and 3) asymmetric boun-
dary-layer separation with two-asymmetric λ shocks (see Fig. 1). As
for the separation location, it was found to be sensitive to the flow
disturbances,whichmay originate from the roughness of thewall [12]
or from the improper initialization or startup of the flow [13]. To
address the problem of nozzle flow separation, Papamoschou and
Johnson [2] investigated a planar nozzle experimentally with a flex-
ible geometry and different nozzle pressure ratios (NPR). They found
that the flow could be asymmetricwithout flipping during the test run,
but the jet flow could change the direction from one nozzle side to
another during a restart of a run. According to their study, the shock
selects its orientation at the nozzle startup and retains it throughout the
run. Additionally, Reynolds-averaged Navier–Stokes (RANS) simu-
lations were performed by Xiao et al. [3], in which they roughly
confirmed the experimental findings of [2]. For a fixed nozzle area
ratio and over a wide range of NPR (1.269–2.4), they found that the
flow can be asymmetric for NPR1.5–2.4,which is consistent with the
experiments of [2]. Xiao et al. [3] demonstrated that the asymmetric
behavior of the flow separation could be forced on either the top or the
bottom wall by means of perturbations placed near one of the nozzle
walls. They also found that the separated-flow region is largely
enhanced within the core of the nozzle flow, which exhibits a higher
level of unsteadiness. Detailed investigations of flow separations
were made by Hunter [4], who studied experimentally and numeri-
cally an overexpanded planar nozzle and found that the flow ismainly
dominated by the shock–boundary-layer interaction dynamics. He
proposed a scenario in which the separation could be a natural
response of the flow in its tendency to reach a thermodynamically
stable state. Based on his study, the author suggested to classify the
separation into two categories according to the NPR: 1) a nonsta-
tionary three-dimensional separation with a partial re-attachment and
2) a stationary two-dimensional separation with an abrupt transition
existing between the two. The origin of the flow asymmetry was also
investigated experimentally byVerma andManisankar [5] using three
different Mach 2 planar nozzles with a fixed area ratio and different
divergent-wall angles. In their study, the authors found that the
boundary-layer transition is one of the main reasons for the flow
asymmetry. They also showed that the transition from free-shock
separation (FSS) to restricted-shock separation (RSS) could initiate
the flow asymmetry, but later the transition from RSS to FSS seems
to make the flow symmetric again. Another origin of asymmetry,
reported by [5], was the proximity of the separated shear layer to the
nozzle wall.
In terms of unsteadiness, the separated flow often induces shock

oscillations, associated with low-frequency motions. Two main
origins of low-frequency shock oscillation (LFO) mechanisms can
be broadly reported: The first concerns the upstream influence of
the incoming turbulent boundary layer [14], whereas the second
one (which is the most consensual today) supports the idea of the
influence of the downstream conditions via the interaction between
the separated boundary layer, the recirculation bubble, and the shock-
train system [6–11,15,16]. Obviously, The ultimate question is the
following: According to which physical mechanisms can these

low-frequency phenomena occur? Many scenarios are proposed in
the literature. For instance, Zaman et al. [15], in their theoretical
and experimental studies of transonic diffusers, concluded that the
mechanism creating LFO is stimulated by acoustic resonance, where
the low-frequency mode corresponds to the case when the one-
quarter wavelength is fitted within the approximate distance from
the foot of the shock to the nozzle exit. The same conclusions were
made by Johnson and Papamoschou [7] when investigating exper-
imentally the flow in a supersonic planar nozzle. Olson and Lele [8]
investigated numerically the same nozzle and confirmed the previous
findings. An interesting study of the effects of forced downstream
conditions in a diffuser was conducted by Bruce and Babinsky [17].
The authors have found that the normal shock undergoes a coherent
and reproducible periodic motion with regard to the sinusoidal
variations of the downstream pressure. They also proposed a model
for the trajectory of the shock that can be easily calculated by
integrating the already predictable shock velocity. Thus, they define
the shock movement as a mechanism by which the shock system can
adapt itself to satisfy theNPRchange.As a result, the frequencyof the
disturbance has no effect on the shock velocity. The effect of geom-
etry was also studied through a nonviscous one-dimensional model.
The authorswere able to define a critical frequency, beyondwhich the
amplitude of the shock is largely dependent on the angle of the
divergent. Recently, Martelli et al. [18] found, for the same nozzle
as [7,8], that the self-sustained shock oscillations are mainly driven
by a pressure imbalance between the pressure level downstream of
the shock and the ambient flow. Based on the above discussion, it is
clear that the flow separation in supersonic planar nozzles with
unsteady flow conditions is still an active research topic where much
effort is still needed to better understand the physical mechanism of
the LFO. Intending to shedmore light on this complex fluid problem,
large-eddy simulations (LES), solving three-dimensional compress-
ible Navier–Stokes equations with wall modeling approach, are used
to study the flow separation in an overexpanded planar nozzle. The
present paper is organized as follows. The next section introduces the
governing equations followed by a complete description of bothwall-
modelingmethodology and numericalmethods. Then, the simulation
setup is presented, followed by the results and discussion. Finally,
conclusions are drawn at the end of the paper.

II. Governing Equations, Turbulence Modeling, and
Numerics

The filtered compressible Navier–Stokes equations are written as

∂t �ρ� ∂j��ρeuj� � 0 (1)

∂t��ρeui� � ∂j��ρeuieuj� � ∂i �p � ∂j �σij − ∂jτij (2)

∂t��ρ �E�� ∂j��ρ �Eeuj�� ∂i�eui �p� � ∂j� �uiσij�−∂j �qj −∂j�euiτij�−∂jQj

(3)

a)

b) c)

Fig. 1 Schematic representation of the typical flow regimes in a planar nozzle. MS: Mach stem; SS: separated shock; RS; reflected shock; TP: triple
point; SJ: supersonic jet.
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where �ρ,eui, �p, and �T are the filtered density, velocity, pressure, and
temperature, respectively. Unlike the “bar” (Reynolds) and the
“tilde” (Favre) filters, the “breve” symbol does not denote a filter
operation but indicates that the quantity is based on primitive filtered

variables. Thus, �E refers to the resolved total energy, which is not
equal to the filtered total energy. The resolved viscous stress tensor

�σij and the heat flux �qj are defined as �σij � 2μ� �T��eSij − ∂keukδij∕3�
and �qj � −λ� �T�∂j �T, respectively, where μ� �T� and λ� �T� are the

viscosity and the thermal conductivity corresponding to the filtered

temperature �T and eSij � �∂jeui � ∂ieuj�∕2. The low-pass filtering

procedure generates several unclosed terms; most of these are
neglected, except for the subgrid heat fluxQj and the subgrid stress

τij, which are modeled according to the eddy-viscosity hypothesis as

Qj � −ksgs∂j �T (4)

τij � −μsgs
�
∂jeui � ∂ieuj − 2

3
∂keukδij

�
� 2

3
ksgsδij (5)

μsgs � CdΔ2 �ρj �Sj; ksgs � CIΔ2 �ρj �Sj2; κsgs � cpμsgs∕Prsgs (6)

where cp is the heat capacity at constant pressure and ksgs is the

subgrid-scale kinetic energy. The modeling parameters Cd, CI , and
Prsgs are determined through the dynamic procedure of Lilly [19],

Moin et al. [20], and Germano et al. [21] with filtering and averaging
in the homogeneous (periodic) z direction. Δ is the filter width
associated with the wavelength of the smallest scale retained by the
filtering operation.

A. Near-Wall Turbulence Modeling

The near-wall turbulence modeling is required in order to reduce
the computational cost of fully resolving all turbulent scales in the
boundary layer. Various strategies have been reported in the literature
for the past decades, and many of those are case sensitive. The wall-
modeling approach, adopted in this study, consists of using a regular
LES grid near the wall combined with a wall model, to mimic the
dynamical effects of the turbulent eddies in the near-wall layer. In this
study, a thin-boundary-layer equations (TBLE) approach is adopted
as in Kawai and Larsson [22]. The TBLE model of Kawai and
Larsson [22] includes neither the pressure gradient nor the convective
terms. This assumes that the boundary layer, below the exchange
height of the wall model �ywm�, is in equilibrium and by assuming
that the pressure gradient from the LES domain is propagating
onto the wall model through its top boundary condition. For the
present study, a moderate pressure gradient is considered along the
diverging section of the nozzle flow. Additionally, we have included
a new formulation of the viscosity eddy, following the work of
Duprat et al. [23], to partially account for the pressure gradient using
a set of nondimensional variables derived from the work of Manhart
et al. [24].
The final formulation of the TBLE model used in this study is as

follows:

∂t��ρeui� � ∂j��ρeui euj� � −∂x �p� ∂y��μ� μt�∂yeui� (7)

∂t��ρ �E� � ∂x��ρ �E euj�
� −euj∂x �p� ∂y

�
�μ� μt�euj∂yeuj � cp

�
μ

Pr

� μt
Prt

�
∂y �T

�
(8)

where μt, Pr, and Prt are the eddy viscosity, the Prandtl number, and
the turbulent Prandtl number, respectively. Following the work of
Duprat et al. [23], the TBLE are reduced to the terms of the right-hand
side. Under these assumptions, the simplified velocity streamwise
momentum can be computed as follows:

∂y�eu� � ∂x� �p�y� τwwm

�μ� μt�
(9)

where the wall-modeled shear stress τwwm
and the turbulent viscosity

μt are the unknown variables of the equation. Similarly, for adiabatic
boundary conditions, the temperature can be computed using

∂y� �T� �
�μ� μt�eu∂y�eu� � ∂x� �p�yeu
cp��μ∕Pr� � �μt∕Prt��

(10)

The pressure gradient effect on the eddy viscosity is modeled by

a nondimensional parameter α � u2τ∕u2τ;p, which quantifies the bal-

ance between the shear stress and the streamwise pressure gradient.
The turbulent viscosity is defined by

μt � μκy⋆�α� y⋆�1 − α�3∕2�γ
�
1 − exp

�
−y⋆

�1� Aα3�
��

2

(11)

where κ is the vonKármán constant, y⋆ is the nondimensional length,
and A and γ are the wall-model constants.
Dimensionless variables have been introduced to scale the

boundary layer subjected to the pressure gradient, taking into account
the wall-shear stress and the streamwise pressure gradient. The
nondimensional velocity u⋆ and the length scale y⋆ are defined as

u⋆ � �u∕uτ;p and y⋆ � yuτ;p∕�ν, where uτ;p �
���������������������
�u2τ � u2p�

q
is the

combined velocity with uτ �
���������������
τwwm

∕�ρ
p

the friction velocity, and

up � j�μ∕�ρ2∂x� �p�j1∕3 the pressure-gradient-based velocity.

The wall model is characterized by an “input–output” exchange
process, where the information extracted from the LES becomes
the upper boundary condition for the TBLE model. The latter is
then resolved numerically using the local one-dimensional grid of
height ywm, to compute the wall-shear stress τwwm

� �μ∂yeu�y�0 and

the heat flux _qwwm
� −�λ∂y �T�y�0

, which are injected back into the

LES. Figure 2 shows a representation of thewall model methodology
near the wall using the off-set method proposed by Kawai and
Larsson [22].
Thewallmodel hasbeen implemented and assessed through aDirect

Numerical Simulation (DNS) of a spatially evolving compressible
boundary layer subjected to a pressure gradient. A comparison of
the existing DNS of Pirozzoli et al. [25] has been first done to generate
a developing boundary layer. The Reynolds number is taken as

Rex � 2.54 × 106, and the same perturbation model between x �
4.5 0 0 to x � 5 0 0 is used as [25]. The inlet flow is set at Mach 2.25
and a static temperature of 169.44K. The domain has been extended in
the streamwise direction to have enough space to capture the separa-
tion/reattachment phenomena of the TBL. Then, the numerical data
have been used to perform a DNS of a turbulent boundary layer under
both adverse and favorable pressure gradients. Finally, the DNS of
the nonequilibrium boundary layer was used to validate the correct
implementation of the model through both a priori and a posteriori
tests. The wall-model constants A � 17.2 and γ � 0.78 were deter-
mined through a priori tests (more details can be found in [26]).

B. Numerical Flow Solver

Numerical simulations are carried out using an in-house-validated
compressible code. The convective terms are discretized using a

Fig. 2 Schematic representation of the wall-resolved and wall-modeled
LES approaches.
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sixth-order weighted compact nonlinear scheme (WCNS) developed

by Deng and Zhang [27] in generalized curvilinear coordinates,

whereas the viscous terms are discretized using a fourth-order central

scheme with a split form of the Laplacian tensor for stability reason.

The time is advanced using a fourth-order Runge–Kutta (RK4)

scheme. The Courant–Friedrichs–Lewy (CFL) stability limit is near

unity for all calculations. The solver is explicit and fully parallelized

using MPI libraries.

III. Problem Setup

The test case considered in this study is the planar nozzle

used in Olson and Lele [8], which is based on the experiments

of Johnson and Papamoschou [7]. In the present simulations,

the mesh is structured (see Fig. 3) and the incoming flow is generated

using a synthetic turbulent boundary-layer inlet based on the method

of Xie and Castro [28]. Similarly to [8], the converging part

of the nozzle is not simulated here in order to reduce the computa-

tional cost of the overall simulations. To ensure a fully developed

boundary layer at the nozzle throat, the computational inlet is

shifted upstream using a buffer zone of length Lb � 2.8Ht, where

Ht is the throat height. The flow in the spanwise direction is assumed

to be homogeneous with periodic boundary conditions (Lz � 2Ht).

The outlet boundary conditions are treated as nonreflective

using the NSCBC method [29] in conjunction with an external

buffer zone with a stretched grid to further damp the reflected

waves.
Both upper and lower walls are considered as adiabatic with

no-slip boundary conditions applied on the wall model. An NPR

of 1.7 is considered, which corresponds to the experiments of

Johnson and Papamoschou [7], with stronger shock amplitude

and an asymmetric separation behavior. Olson and Lele [8]

performed their LES for the same NPR and captured the same

asymmetric separation behavior. The flow properties at the inlet

(mainly the boundary-layer thickness (δi) and the freestream veloc-

ity (ui;∞)) are used as scaling parameters for t⋆ � tui;∞∕δi and

Stδ � fδi∕ui;∞. Although the current study is based on the use of a

wall-modeled (WM-LES) approach, we have performed calcula-

tions using a wall-resolved (WR-LES) approach over a shorter

period of time to ensure that the WM-LES restores the main trends

of shock–boundary-layer interaction. Table 1 summarizes the grid

resolutions used in both WR- and WM-LES compared with the one

used by Olson and Lele [8].

IV. Results and Discussion

Mean flow quantities are collected from time averaging of
the instantaneous three-dimensional fields that are extracted from a
long-time series of the WM-LES data covering almost 70,000 char-
acteristic time scales (t⋆). This represents one of the longest time scale
ever reached in separated nozzle flow simulations so far. Part of the
WR-LES data is not shown here for concision. Figure 4 highlights an
instantaneous picture of the complex three-dimensional nozzle flow-
field showing the shock-wave–boundary-layer interaction pattern,
with an asymmetric λ-shock structure. The whole shock pattern con-
sists of an incident shock (IS), a reflected shock (RS), and aMach stem
(MS). In this configuration, the boundary-layer separation due to the
high adverse pressure gradient creates an incident shock impinging
the Mach stem at the triple-point TP. The reflected shock realigns the
incident flow to the original direction. The Mach stem, which is a
stronger shock, reduces the flow velocity substantially behind it to a
subsonic state. The sonic line that bounds the shear layer and the
recirculation zone can be seen as avirtualwall that defines the effective
geometry of the nozzle. Because the effective nozzle geometry is
shorter and has a lower expansion ratio, the resulting area reduction
acts as an additional confinement effect of the flow, which compresses
the flow and produces multiple shocks organized in a shock-train
structure that is typically present in planar nozzles or transonic ducts.

A. Mean Profiles

The WR/WM LES pressure distribution at the wall is presented
in Fig. 5a. The result agrees well with both experimental and
previous LES results. The concordance between the data shows that
the wall-modeled simulation is able to correctly reproduce the
pressure gradient effect on the boundary layer. One can also notice
a small difference in the separated region, where the experimental
data and the WR computation show a smoother pressure jump
compared with the wall-modeled simulation. This behavior is due
to the strong compression waves in the wall-modeled simulation
applying in the interaction zone upstream of the separation point.

Fig. 3 Grid representation of the wall-resolved nozzle test case showing every 10th grid line. The grid stretching function is defined as
f str;y � tanh�rv;y�2η∕Ny − 1��∕ tanh rv;y, whereNy is the number of point and η is the generalized curvilinear coordinate in wall-normal directionwith

rv;y � 2.3. For the WM-LES, the grid is regularly spaced following fstr;y � �2η∕Ny − 1�. The nozzle throat is located at x � 0.

Table 1 Grid parameters at the inlet of the nozzle

Δx�i Δy�i Δz�i Number of cells

Olson and Lele [8] 30 [1:23] 20 50.3M
WR-LES 30 [1:29] 20 73.4M
WM-LES 60 45 40 13.7M
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The coarse grid of the wall-modeled case reduces the length of the

interaction and increases the strength of the compression waves,

resulting in a slightly stronger separated shock. Figure 5b shows a

comparison of the normalized pressure gradient using the Clauser’s

parameter β � δ⋆∂x� �p�∕τw, where δ⋆ � δ∕δi is the normalized

boundary-layer thickness. Upstream of the nozzle throat, the exper-

imental data do not perfectly coincide with the simulations due to

the difference in the converging part of the nozzle geometry.Note that

the effect of the pressure gradient is accurately reproduced by the

simulations, except in a region near the throat, where a small differ-

ence is noticeable.

B. Shock Motion and Spectral Analysis

To study the shock dynamics, one can track the separation

position on both sides of the wall. The separation is found based

on the locationwhere the near-wall velocity becomes negative. Then,

the noisy data are smoothed using a moving-average filter. The

separation location is found to exhibit an oscillating behavior in

a low-frequency range. Broadband and energetically significant

LFO in the vicinity of the separated shock were also observed. The

magnitude of the observed oscillations is close to the value found in

[7], which is 8δi. The flow separation at this particular NPR exhibits

an asymmetric character with a jet flow being stuck on one side of the

nozzle without flipping, as reported in the experiments of Johnson
and Papamoschou [7].
The mechanism of low-frequency unsteadiness in overexpanded

nozzle flow has been described by Zaman et al. [15] in their
experiments of transonic diffuser. They showed that the resonant
tones occur when the length between the separation and the shock is
similar to a quarter wavelength at the speed of sound (c). This is true
for small opening angles, transonic jet-Mach number and smooth-
nozzle walls. Zaman et al. [15] proposed the following correlation to

compute the resonant tone, fr � �c2 − u2e�∕4cLs;e, where Ls;e is the

length between the averaged separation location and the exit of the
nozzle, c the speed of soundwithin the separated boundary layer, and
ue the velocity at the exit.
Zaman’s correlation provides a closer value to the resonant tone

in comparison with the present WM-LES (i.e., Stδ ∼ 0.003). In the
present case, the jet Mach number Mj is equal to 0.76 and

the maximum half-angle of the nozzle is about 4°, which fits the
transonic tone requirements. Similarly, Olson and Lele [8] concluded
that the unsteady mechanism was due to a transonic resonant tone
between the shock location and the nozzle exit. They found a two-
way coupling between the shock and the shear layer combined with a
time lag leading to the unsteady LFO.
Figure 6a highlights the correlation between the effective exit

area Ae and the velocity separation shock. It shows a time lag of

a) b)
Fig. 5 a) Normalizedmean wall-pressure distribution. b) Clauser’s parameter along the longitudinal direction. : WM-LES; :WR-LES from [26]; :
WR-LES from [8]; : experimental results from [7].

Fig. 4 Instantaneous three-dimensional nozzle flowfield showing isocontours ofQ-criterion colored by the velocity field (blue: slow; red: fast). Grayscale
surface represents schlieren imaging background in the x-y plane, whereas grayscale volume is the isovolume of the velocity gradient∇kuk. The image is
taken when the separated shock was moving upstream toward the throat. See Fig. 1 for other notations.
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approximately one-quarter wavelength, confirming the prediction of
Olson andLele [8]with respect to the resonant tone. Similarly, Fig. 6b

shows the anticorrelation between the exit pressure pe and the

separation location xs. When the shock is located at its downstream

position, the pressure is minimal because of the increased effective

area. Conversely, when the shock is at its upstream position, the

pressure is maximum considering the small effective area, which

confirms the findings of Martelli et al. [18]. A small delay of Δt⋆ ∼
40 can be observed between the shock location and the exit pressure

due to the acoustic waves that propagate upstream to the shock. In

the present LES, the observed lag time between the shock-position

signal and the effective-area signalwas about one-quarterwavelength

(i.e., Δt⋆ ∼ 150), confirming the resonance phenomenon observed

by Zaman et al. [15]. This difference is not due to the time needed for

the pressurewaves from the confined exit area to propagate upstream

of the shock (i.e.,Δt⋆ ∼ 40), as addressed by Olson and Lele [8], but

to the constant change of the effective area downstream of the shock.
The complex dynamics of the streamwise back and forth shock

movement shown in Fig. 7 are summarized hereby, confirming

previous scenarios of the following [8,18]:
1) The separated shockmoves downstreamwith amaximum shock

speed us;max. Because of the highly effective pressure at the nozzle
exit resulting from the change of the effective geometry of the nozzle,
the flow is then sucked up by the atmospheric pressure pe > pa. The
relative speed of the incident shock is reduced because of the suction
effects. At the end of this step, the incident shock vanishes to a series
of compression waves that transform the λ-shock pattern into one
normal shock.

2) At one-quarter wavelength, the exit pressure is lower than the
ambient pressure, creating a slight backflow from the exit. This
reversal flow starts to increase the deflection angle of the mixing
layer and changes the effective geometry of the nozzle. The effective
area starts to decrease with one-quarter delay compared with the
position of the shock. Because of inertia (flow resistance), the shock
is still moving toward the exit, whereas the backflow intensifies. At
this stage, the flow is mildly symmetric and a backflow occurs on
both sides of the nozzle.
3) When the shock is standing at its maximum position, the exit

pressure is weak and the backflow from the ambient pressure increases.
The mixing layer reattaches one of the nozzle walls (either upper or
lowerdependingon the initial condition).Theeffective area is decreased
compared with (2) and the flow is thermodynamically unbalanced,
forcing thereby the shock position to adapt to the new state.
4) The shockmoves upstreamwith aminimum shock speed us;min.

The mixing layer is fully attached to the lower wall, and the large
recirculation bubbles emerge along the upper wall. The backflow
acts only on the upper wall, which is opened to the atmosphere. The
effective geometry of the nozzle downstream of the shock behaves as
a convergent nozzle, where the subsonic flow accelerates to a super-
sonic stream and forms a series of shocks known as “shock train.”
5) After five quarters of wavelength, the shock is still moving

upstream but the exit pressure becomes higher than the atmospheric
one. As for the one quarter wavelength time step, the effective cross-
sectional area of the nozzle starts to increase, which unbalanced the
total pressure at the exit.
6) The shock is now at its most upstream location within the

cycle. The suction effect from the ambient pressure forces themixing

a) b)
Fig. 6 a) Time delay between the effective exit areaAe ( ) and the separation location xs ( ). b) Time delay between the exit pressure pe ( ) and the
separation location xs ( ).

Fig. 7 Shock excursionover one resonant toneperiodStr for different time steps.z-averaged schlierenpictures shown in grayscale, blue regionshighlight
negative x velocity, orange arrows indicate the direction of the shock movement, and black arrows indicate the backflow.
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layer to move closer to the walls, increasing the effective area. As for
(3), the flow is thermodynamically unbalanced, forcing the shock
position to move downstream. The acoustic lag due to the time taken
for the pressure waves to acoustically propagate from the back
pressure to the shock is maximal at this position, increasing thereby
the unsteadiness of the shock.

Hence, a restart cycle from (1)maintains the shock in a closed-loop

motion.

Figure 8 shows the normalized premultiplied spectra of pressure

probe signals in five different locations. The spectra, defined as

StF �p 0∕prms�⋆ � StF �p 0∕prms�∕∫ StStF�p 0∕prms� dSt, cover the
entire range of frequencies, from very low up to the boundary-layer

time scales (i.e., Stδ > 1). The spectrum at the throat shows no

low-frequency activities. The same remark holds for the probe at
the inlet and at x∕δi � −12 upstreamof the throat.However, themain
tone is captured both at the separation location and at the nozzle exit.
In the recirculation zone, most of the spectral energy is contained in a
region where Stδ ∼ 0.04 as observed by [30]. They showed that the
recirculating area exhibits large oscillations in the low-frequency
range. Most of the energy captured in the recirculating area is due
to the breathing phenomenon caused by an imbalance state between
the flow from the shear layer and the backflownear the nozzle lip. The
corresponding main tone is captured at the nozzle exit, where
both recirculation bubble and lip vortex phenomenon interact. The
later, having a small size compared with the main recirculation
zone, is created by the confluence of the recirculation zone and the
backflow.
Figure 9 shows the time-history of the WM-LES-integrated

wall-pressure force compared with the WR-LES results of Piquet
[26]. It is worth mentioning that the WM-LES integration time
represents 18 times the one found in Piquet [26], Olson and Lele
[8], and the experiments in [7]. Thus, the present integrated time is
large enough to resolve several shock excursions, therefore having
better statistics convergence.
The wall-pressure vector force is integrated along both upper and

lower walls asF � ∫ s�pw − pa�n ds, where pw is the wall pressure,

pa the ambient pressure, ds the local surface element where the force
is applied,n the normal vector to the surface, andS the total surface of
the nozzle including the upper and lower wall. The forces are decom-
posed into streamwise and lateral forces (side loads).
Figure 10 shows the normalized premultiplied spectra of the nor-

malized streamwise/side-loads force fluctuations StF �F 0
i∕hFi�⋆ �

StF�F 0
i∕hFi�∕∫ StStF �F 0

i∕hFi� dSt, compared with the results of

[26]. One can clearly notice that the two spectra are quietly converged
for the high frequencies, while the main tone is different. This differ-
ence is due to the shock position in both simulations as a direct result
of using the NSBC conditions at the outlet in the present simulation,
which prevents the reflected acoustic wave from affecting the
shock system and causing large-shock oscillations. Figure 10 shows
that the streamwise forces fluctuate at a low frequency, whereas
the side loads contain a broad range of frequency unsteadiness. In
the streamwise force spectrum, three peaks can be observed at
Stδ ∼ 0.003, Stδ ∼ 0.04, and Stδ ∼ 0.1, corresponding to the resonant
tone, the recirculation bubble, and the mixing layer phenomenon,
respectively. High-frequency peaks can be observed in the side-loads
spectrum at Stδ ∼ 0.04 and Stδ ∼ 0.15. It seems that the side loads are
highly sensitive to the high-frequency oscillations, whereas the
streamwise force is more sensitive to the main tone of the separation
line.
Each phenomenon occurring in the nozzle can be characterized by

a frequency range. To identify these frequencies (Fig. 10) and to link
them to the corresponding physical phenomena, a dynamic mode
decomposition (DMD) analysis is performed. Given the wide scale
of frequencies involved in this flow and in order to extract the

Fig. 9 a) Instantaneous wall-pressure forces integrated along the upper
and the lower walls. Data have been filtered with a cutoff Strouhal
number of 0.2. : streamwise forces; : side loads; WR-LES from
Piquet [26].

a) b)
Fig. 10 Normalized premultiplied spectra of dimensionless fluctuations: a) streamwise forces; b) side loads. : WR-LES from Piquet [26]; : present
WM-LES.

Fig. 8 Premultiplied spectrum of the normalized wall-pressure fluctua-

tions for different streamwise locations. : inlet; : x∕δi � −12
upstream of the throat; : throat region; : separation region; :
recirculation zone.
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corresponding low frequencies, we have used a multiresolution
DMD (MrDMD) developed by Kutz et al. [31]. The MrDMD is able
to separate robustly the complex systems into a hierarchy of multi-
resolution time-scale components. The method is applied to a series
of two-dimensional slices of pressure fluctuations p 0, where each
snapshot represents the full flowfield (the nozzle flow and the
ambient region). Equi-time spaced snapshots are used and sampled
at Stδ � 1, which gives a Nyquist frequency of Stδ � 0.5. Thus, the
entire frequency range can be captured. The results shown in Fig. 11
are summarized as follows:
1) Stδ ∈ � : : : ; 0.009�; a frequency range corresponds to the oscil-

lation of the shock system. Note that the resonant tone predicted by
Zaman et al. [15] is captured at the separation and downstream
at St � 0.003.
2) Stδ ∈ �0.01; 0.09�; the subsonic flow downstream of the sepa-

ration is trapped between the mixing layer and the wall, producing
small unsteady eddies that oscillate within this range of frequencies
(recirculation bubbles). This phenomenon is strongly affecting the
side loads.
3) Stδ ∈ �0.1; 0.5�; the mixing layer developing from the

boundary-layer separation to the nozzle exit is observed at these
frequencies. The large two-dimensional Kelvin–Helmholtz vortices
impact the exit conditions, modifying thereby the effective nozzle
exit area and the corresponding shock location.
4) Stδ ∼ 1; upstream of the separation, the pressure fluctuations

are dominant in the range of the turbulent boundary-layer
frequencies.

V. Conclusions

Awall-modeled LES approach is used to investigate the unsteady

behavior of three-dimensional flow separation in a supersonic planar

nozzle. The objective of the study is to provide a better understanding

of themainmechanisms driving the shock oscillations. The absence of

low-frequency phenomena upstreamof the boundary-layer separation

and their presence near the separation point and in the downstream

region confirm the role of the downstream flow conditions in driving

or at least in maintaining the shock oscillations at very low frequen-

cies. A scenario describing the way in which the LFO occur is

proposed confirming the earlier findings. The study shows that the

deflection angle of the separated shear layer, which represents the

effective geometry of the nozzle downstream of the shock, is strongly

coupled to the shock position. A phase shift between the motion of

these two features, that is, upstreamor downstreammovement, causes

the cycle to constantly overcompensate its pressure to match the exit

pressure, giving thereby the self-sustained shock motion behavior

alreadyobserved inmany experimental andnumerical setups.Regard-

ing the asymmetry behavior of the separation, the current simulations

show that the phenomenon is stable for the studied NPR and does not

switch fromasymmetric to symmetric flowseparation over a very long

run time, confirming the experimental findings. This confirmation

was possible thanks to the use of the current wall model strategy,

which allows, by its ability to correctly model the turbulent boundary

layer and consequently the reduction of the number of mesh points, to

have very long signals required for the study of the LFO.

Fig. 11 Reconstructed field of the real part of the pressure fluctuations, p 0, for different DMD modes at selected values of Stδ. Red is the highest
representative phenomenon of the mode.

a) b)
Fig. A1 a) Two-point correlation function of wall pressure fluctuations along the spanwise direction �Lz � 2Ht� at x∕δi � 0 ( : results at different x
locations in the preshock boundary-layer zone; : WR-LES from [8]). b) Instantaneous velocity fluctuations in the x–z plane at y� ∼ 20.
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Appendix A: Grid Sensitivity Study

A.1. Periodic Domain Extent and Boundary-Layer
Development

To ensure that the domain size in the z direction is large enough to
cover most of the length scales present in the flow, a two-point
correlation function based on the wall pressure along the spanwise

direction, Rp 0p 0 �rz� �
PNz

n�1 p
0
np

0
n�nr

, with nr � 0; : : : ; Nz;

rz � nrΔz, is computed and averaged over time for two x locations.
FigureA1a showsRp 0p 0 �rz�∕Rp 0p 0 �0� plotted at the throat. The decay
of correlation at z∕Lz � 0.1 demonstrates that the length in the
spanwise direction does not affect the dynamics and the development
of the coherent structure in the flow.
For the development of the boundary layer, the synthetic turbu-

lence injection starts at x∕δi � −28, giving 18 boundary-layer thick-
nesses length for the flow to relax to a converged boundary layer.
Xie and Castro [28] have demonstrated that the method of synthetic
injection needs at least 10 boundary-layer thicknesses to reach a fully
turbulent flow. FigureA1b shows the structure of the turbulence in the
boundary layer at the buffer layer through the velocity fluctuations
field. The synthetic eddy structures seem to extend toΔx∕δi ∼ 15, in
agreement with the streaky structures as observed by Xie and Castro
[28]. Past this recovery region, the velocity fluctuations exhibit more
coherent structures.

A.2. Mesh Grid Convergence

To establish the fidelity of the LES database, we conducted
an LES grid convergence study. Three different meshes are used
(see Table A1). The normal direction has been excluded from this
study because the Kawai and Larsson’s [22] recommendations are
strictly followed and we believe that it is sufficient for the conver-
gence in the wall-normal direction. Thus, the methodology consists
of changing the number of points in both streamwise and spanwise
directions. The obtained results are presented in Fig. A2b in terms
of normalized mean wall pressure distribution for different grid

resolutions. Although the statistics were not acquired over the same
amount of samples, the number of samples used in this study was
large enough to consider the results as statistically converged. From
Fig. A2b, it is seen that varying the grid resolution does not produce
significant differences in the wall pressure before the separation and
in the shocked region. Therefore, we consider that the grid resolution,
used in this study, is sufficiently fine to only have marginal effects on
the statistical results.
Figure 2 shows schematically the concept of WM-LES where

the TBLE equations are solved on a separate grid. In the present
simulation, the exchange of information between the LES and the
wallmodel occurs at ywm, corresponding to the secondLES cell away
from the wall. Kawai and Larsson [22] recommended to avoid
the log-layer mismatch of the WM-LES when the exchange occurs
in the first or in the second cell due to numerical errors in the LES
solution at those two first cells. Hence, we have considered adding
three cells below. The results are shown in Fig. A3. It is clear that
adding one more cell leads to a small underprediction of the wall
pressure. Note that all recommendationsmade byKawai and Larsson
[22] are respected, expect using four or five cells below the exchang-
ing height.

Appendix B: Wall-Model Sensitivity Study

Several authors have shown that the error incurred by neglecting
both pressure gradient and convective terms in the TBLE equations
can be larger than the error incurred by an equilibrium formulation,
that is, not accounting for those two terms in the wall model. For
this purpose, a new simulation has been performed using the present
wall model without the pressure gradient term (PGT). The wall
pressure from the new simulation, togetherwith the previous data and
the experiment results from [7], is presented in Fig. B1. Indeed, a
quite small improvement is noticed in the recovery region down-
stream of the separated zone when the pressure gradient term is
included, whereas the separation location remains the same in both
formulations.

Table A1 LES grid parameters

Nx Ny Nz Number of cells

Mesh A 672 128 160 13.7M
Mesh B 750 128 160 15.4M
Mesh C 672 128 190 18.3M

Table A2 Wall model grid parameters

Exchanging cell Nwm

Case 1 2 50
Case 2 3 50
Case 3 3 100

a) b)
Fig. A2 a) Normalized mean wall-pressure distributions for different meshes. b) Normalized premultiplied spectra of the normalized pressure
fluctuations at the throat ( : mesh A; : mesh B.

Fig. A3 Normalized mean wall-pressure distribution ( : case 1; :
case 2; : case 3). See Table A2.
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