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Is the subharmonic threshold always lower than the fundamental one in
plane Poiseuille flow?

Rangachari Kidambia) and Usha Srinivasanb)

Computational and Theoretical Fluid Dynamics Division, National Aerospace Laboratories,
Bangalore 560017, India

(Received 30 October 2017; accepted 2 January 2018; published online 24 January 2018)

We revisit the secondary instability of a Tollmein-Schlichting wave in plane Poiseuille flow at Re =
5000 and find that the fundamental threshold can be lower than the subharmonic one in the wavenum-
ber space, in contrast to the prevalent view in the literature that only instability of subharmonic
modes occurs at very low disturbance amplitudes and fundamental modes need a higher disturbance
amplitude to become unstable. This is because of overlooking the even class of fundamental modes,
which happen to produce the lower threshold at those wavenumbers. Published by AIP Publishing.
https://doi.org/10.1063/1.5011088

I. INTRODUCTION

Secondary instability has long been considered a key
mechanism in explaining subcritical transition in wall-
bounded shear flows.1 A variety of base states have been
considered for the linearisation—the dominant Tollmein-
Schlichting (TS) mode with the damping neglected,2 nonlinear
equilibria and quasi-equilibria,3 and streamwise vortices and
streaks.4 Typically, in all such studies, the base state has to
be considered in a reference frame moving with an appropri-
ate velocity. This renders the coefficients of the disturbance
equations periodic in the frame variable with the implica-
tion that Floquet modes, in that variable, can be sought. The
general strategy is to study temporal secondary instability; a
basic wavenumber α is prescribed, and the secondary tempo-
ral growth rate determined from the solution of an eigenvalue
problem. The spatial problem, arguably more relevant to dis-
turbance evolution in such flows but also more complicated
to solve, is not pursued often, for good reason; Herbert et al.5

have shown how to calculate secondary spatial growth rates
from the temporal ones.

Reference 2 was a pioneering study of, mainly, the subhar-
monic instability of the least stable mode in plane Poiseuille
flow (pPf, hereafter) at Re = 5000, where the Reynolds num-
ber is defined in the usual way, based on the half-height of the
channel. Since then, a general view that the subharmonic insta-
bility dominates at low primary disturbance amplitudes, often
called the N-regime, has been prevalent in the literature [e.g.,
Yaglom and Frisch6 (p. 501ff.)]. In this work, we re-investigate
the secondary instability of the least stable mode to 3D dis-
turbances in plane channel flows and find that this view may
not be entirely correct. In fact, we find that there are parameter
regimes for which the fundamental mode (defined in Sec. II),
not the subharmonic, has the lower threshold amplitude.

The goals of the paper are two-fold: (i) to provide exten-
sive numerical data, of eigenvalue spectra and threshold
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amplitudes, for the secondary instability of the least stable
mode for the canonical case of Re = 5000, considered by Ref. 2,
and (ii) to document the existence of a class of solutions that
seem to have been overlooked in the literature. The paper is
organised as follows. Section II sketches the well-known prob-
lem formulation and solution. Extensive numerical results for
a wide range of parameters and comparisons with published
numerical and experimental data are presented in Sec. III. We
discuss the implications of the fact that the new class of fun-
damental solutions can have lower disturbance thresholds for
experimental observations in Sec. IV.

II. FORMULATION AND SOLUTION

Following Herbert,2,5 we assume the base flow for the
secondary analysis to be composed of plane Poiseuille flow
and a traveling wave Af (x � cr t); A and cr are, respectively,
the amplitude and real phase velocity of the wave. A sketch
of the base flow for the secondary analysis is shown in Fig. 1.
The phase velocity and wavenumber α are those of the least
stable mode, the so-called TS wave, obtained from the primary
linear stability analysis of the plane Poiseuille flow. The stream
function of the periodic base flow is given by

ψ(y, ξ) = Ψ(y) + A φ(y)eiαξ + c.c., (1)

where Ψ(y) = y � y3/3, ξ = x � cr t, and φ(y) is the eigenfunc-
tion associated with the principal mode of the Orr-Sommerfeld
(OS) equation.

The evolution equations for the disturbance are obtained
by substituting the total velocity

~v(ξ, y, z, t) = ~v2(ξ, y) + ε~v3(ξ, y, z, t) (2)

in the Navier-Stokes equations; ~v2 is the 2D velocity of the
base flow that is obtained from ψ(y, ξ), and ε~v3 is the per-
turbation velocity. The resulting disturbance equations, when
linearized in ε , have coefficients periodic in ξ. These equa-
tions are given, for example, in the study of Herbert et al.5 and
are reproduced in the Appendix, for completeness. Standard
Floquet theory7 indicates that the disturbance equations, with
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FIG. 1. Schematic of the periodic base state. Fully developed Poiseuille
flow profile U(y) is shown on the left. The figure on the right-hand side
represents the periodic TS disturbance added to U(y) at different y loca-
tions; the travelling wave is shown in a reference frame moving with
speed cr . For simplicity, only the streamwise disturbance component is shown.

periodic coefficients of period λ = 2π/α, admit solutions of the
form

[
u3(ξ, y, z, t)
v3(ξ, y, z, t)

]
= eγξeσteiβz

∞∑
m=−∞

[
um(y)
vm(y)

]
eimαξ , (3)

where β is the spanwise wavenumber; γ is the Floquet or
characteristic exponent and can range from 0 to iα/2, the
ends corresponding to fundamental and subharmonic modes,
respectively. The reason for these names can be seen by con-
sidering the Floquet or characteristic multiplier defined as
ρ = eγλ. Given that

~v3(ξ + λ, y, z, t) = ρ~v3(ξ, y, z, t),

it is easy to see that the fundamental and subharmonic
modes correspond to ρ = ±1, with wavelengths λ and 2λ,
respectively. The former arise from fundamental resonance
in the parametrically excited system, whereas the latter are
as a result of the principal parametric resonance. Com-
plex ρ correspond to detuned resonances. A good, concise
review can be found in the study of Yaglom and Frisch6

(p. 493ff.).
As mentioned by Herbert,2 the functions fm(y), given by

fm(y) =

[
um(y)
vm(y)

]
,

are alternatingly even and odd when the principal streamfunc-
tion is even. As is well known, the least stable mode in pPf has
even streamfunction. For an odd principal streamfunction, it
can be seen that fm(y) are all even or odd, and these correspond
to different eigenvalue families. Further, it is also known that
the streamwise and transverse velocity components at each
m level, um and 3m, are also of opposite parity. Using this
fact, the eigenspectrum for any γ can be split into two disjoint
sets: E and O, where E (respectively, O) represents the set
of eigenvalues for which u0 is even (respectively, odd). Here-
after, the Floquet modes belonging to these sets will be called
even and odd modes, respectively, with the understanding that
only the dominant Fourier component of the modes is even
or odd.

With the ansatz (3), the system of PDEs (AI) becomes an
ODE system in the normal coordinate y. Standard Chebyshev
collocation (e.g., Schmid and Henningson4) renders this into
a matrix eigenvalue problem, which is then solved by standard
routines. We avoid repetition of the well-known details and
present the results.

III. RESULTS

Unlike the primary spectrum, the secondary spectrum for
pPf does not seem to have been often computed; only Herbert
(see Fig. 2 of Ref. 2) presents the spectrum for one case and
other derived quantities like growth rates of the dominant mode
and threshold amplitudes for another. Chebyshev collocation
with 18 points in a half channel was used in that computa-
tion. The m = �1, 0 modes were used in the subharmonic
case, while these were supplemented with the m = 1 mode in
the fundamental case. No results for detuned resonances were
presented.

In what follows, we provide a detailed comparison with
Herbert’s2 results. We first compare the eigenspectra, then
the threshold amplitudes and finally the disturbance velocity
profiles.

A. Comparison of eigenspectra

We use the same parameter values as in Ref. 2 – Re
= 5000, α = 1.12, β = 2, A = 0.0248. Both fundamental and
subharmonic modes will be considered. For a fair comparison,
we first compute with 40 collocation points in the full channel
and also with 20 points in the half channel. We also retain the
same m modes as Herbert.2 Later, we will present a conver-
gence study with a varying number of Fourier modes M and
Chebyshev modes N.

Figure 2 shows the normalised primary TS eigenfunction
(triangles) that has been used in the computation of the Floquet
modes for Re = 5000 and α = 1.12. The eigenfunction was nor-
malized such that the maximum absolute value attained by the
complex streamwise velocity is unity. For comparison, Her-
bert’s velocity distribution (from Fig. 5 of Ref. 2) is plotted
as circles. There is a small discrepancy between the two, the
reason for which could be a difference in the distribution of
points in the two computations (more on this below). The col-
location points used in the present study are Gauss-Lobatto
(G-L) points.

E and O, for the subharmonic mode, have been computed
using 100 G-L points across the half-channel by incorporating

FIG. 2. Normalized principal streamwise velocity across half channel width;
Re = 5000, α = 1.12. Blue circles: Fig. 5 of Ref. 2 with 18 collocation points;
green triangles: present computation with 20 G-L points.
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FIG. 3. Eigenspectrum of subharmonic disturbances for Re = 5000,α = 1.12,
β = 2.0, and A = 0.0248. Red and blue circles indicate half channel compu-
tations, using 100 G-L points, with parity boundary conditions. Cyan squares
represent a full channel computation with 200 G-L points.

the appropriate parity conditions at the channel centreline.
Alternatively, we also computed the spectrum with 200 G-L
points for the full channel. The half and full spectra are shown
in Fig. 3 and are in good agreement.

A comparison with Herbert’s2 spectrum (Fig. 2 of that
paper) for the same case appears in Fig. 4. Herbert’s spec-
trum contains only half the number of eigenvalues as that of
the present computation because he computes only one set of
eigenvalues, O. The eigenspectrum of Ref. 2 does not show
any symmetry, but interestingly the present computation shows
symmetry about the imaginary axis. In fact, one half of the
present spectrum matches closely with that of Ref. 2, and the

FIG. 4. Eigenspectrum of subharmonic disturbances at Re = 5000, α = 1.12,
β = 2.0, and A = 0.0248. Dark and light squares denote half channel compu-
tations using 18 collocation points while the red + represent data from Fig. 2
of Herbert.2

remaining half of the spectrum is placed symmetrically to that
of Ref. 2. As stated earlier, the Floquet eigenspectrum splits
into two disjoint sets; though each of these sets is asymmetric,
the total spectrum is symmetric.

Only the lowest few eigenvalues show satisfactory agree-
ment. The major reason for the non-matching of the other
eigenvalues is the lack of convergence of the higher modes (in
Ref. 2 as well as the present computation) when only 20 G-L
points are used. The convergence of the eigenvalues seems to
be related to the number of collocation points resolving the
critical layer. Thus, Herbert2 obtains a well-formed spectrum
even with 18 grid points in a half-domain computation as his
collocation points are concentrated more near the critical layer
than near the centre of the channel (blue circles in Fig. 2). In
contrast, the present half-domain computation with 20 G-L
collocation points yields a relatively poorly structured spec-
trum as a large percentage of the points is concentrated near
the channel centre (green triangles in Fig. 2). The least stable
eigenvalues, however, converge and also match those of Ref. 2.
Computations were also performed with 19 and 21 collocation
points and large variations in all but the least stable eigenval-
ues was found, confirming that more points are required for a
converged spectrum.

A full channel computation using 40 G-L points was done
as well; the comparison is shown in Fig. 5. A larger percent-
age of these 40 points are clustered around the critical layers,
and hence this computation shows a better structured spec-
trum and is closer in appearance to that in Ref. 2. The least
stable eigenvalue of the present computation σ = 0.001 78 +
i0.0409 is O(10�3) different from that of Ref. 2 (σ = 0.002 +
i0.0465). Herbert2 assumes an eωt dependence, whereas we
assume, in accordance with standard practice, an eiωt depen-
dence. Hence, for comparison, we have multiplied Herbert’s
values by

√
−1. There is also another eigenvalue symmetric

to σ, at �0.001 78 + i0.0409, but Ref. 2 does not compute
this.

Figure 3 of Ref. 2 shows the variation of the amplification
rate and frequency for the dominant mode of subharmonic

FIG. 5. Eigenspectrum of subharmonic disturbances at Re = 5000, α = 1.12,
β = 2.0, and A = 0.0248. Circles: full channel computations using 40 G-L
points; stars: Fig. 2 of Herbert.2
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FIG. 6. Amplification rate for the dominant mode of subharmonic instability
as a function of β at Re = 5000 andα = 1.12. Solid and dashed curves represent
present and Herbert’s2 results.

instability as a function of β at Re = 5000 and α = 1.12. We
provide a comparison with the present calculation in Fig. 6. The
same O(10�3) error that was noted earlier persists. However,
the curves are similar in shape with maxima roughly occurring
at similar β.

On p. 873 of Ref. 2 (Fig. 4), the amplification rate σ of
the dominant mode of subharmonic instability, for the case
α = 1.02, β = 2, is presented as a function of A. The accom-
panying text states that the dominant eigenvalue s1 tends to
�0.0225 � i0.0626 as A→ 0.

We present the converged spectrum for the same case in
Fig. 7, for A = 0. M = 3, and N = 200. As noted in the figure,
there is an eigenvalue s̃1 = −0.0205 − i0.0655 which is dif-
ferent by O(10�3) from Herbert’s value. However, it is not the
dominant eigenvalue, as apparent from the figure; the dominant
ones are also indicated in the figure and are located at ±0.365
�i0.008. However, for A ≈ >0.004, the dominant eigenvalue
is the same one depicted in Fig. 4 of Ref. 2.

Figure 8 shows the variation of amplification rate and fre-
quency of the dominant subharmonic mode as a function of
the amplitude A; the corresponding curve from Fig. 4 of Ref. 2

FIG. 7. Eigenspectrum of subharmonic disturbances at Re = 5000, α = 1.02,
β = 2.0, and A = 0.

FIG. 8. Amplification rate for the dominant mode of subharmonic instability
as a function of β at Re = 5000 andα = 1.12. Solid and dashed curves represent
present and Herbert’s2 results.

is also shown. Again, though the overall shape is the same
for higher amplitudes, there is a discrepancy at lower ampli-
tudes because a different mode becomes dominant as A→ 0,
as described earlier. However, Herbert continues to track the
mode that was dominant for larger A. That is why the present
curve has a slope discontinuity for A ≈ 0.004, whereas the
dashed curve is continuous.

We now discuss convergence of the solutions. The spectra
shown in Figs. 3–5 have not converged. This can be simply seen
by increasing the number of Fourier and Chebyshev modes M
and N. The convergence of the full spectrum with respect to
N is shown in Fig. 9, for M = 2. It can be seen that N = 100
is enough for convergence, at the given M. The eigenvalue
corresponding to the most unstable mode was tracked as M is
increased, for different N. The results are shown in Table I.
A computation with M = 3, N = 100 produced a value of
0.001 81 + 0.078 03i which shows a converging trend, when
compared with the values in the table. The difference between
this eigenvalue and that of Herbert’s2 is of the order of 10�2,
which becomes quite significant if threshold amplitudes for
secondary growth have to be estimated from this eigenvalue.

B. Threshold amplitudes of the subharmonic
and fundamental disturbances

Herbert (Ref. 2) lists the minimum subharmonic and
fundamental threshold amplitudes, defined as the amplitudes
below which the modes are stable, of A = 0.0042 at β = 0.74
and A = 0.0085 at β = 1.22 forα = 1.02. Figures 10(a) and 10(b)
show the variation of threshold amplitudes of subharmonic and
fundamental disturbances with β at the sameα = 1.02. Instabil-
ity regions are shown shaded, with the boundary separating the
black and white regions marking the threshold amplitudes for
a given β. The subharmonic diagram has no reentrant points,
i.e., for a given β, there is only one threshold beyond which
the flow is unstable. The threshold values also exhibit only
one minimum. The present subharmonic threshold values of
As ≈ 0.0036, occurring at βs ≈ 0.74, compare favorably with
Herbert’s.2 The fundamental case shows more complexity.
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FIG. 9. Temporal subharmonic spec-
trum for α = 1.12, β = 2, Re = 5000,
and A = 0.0248. The number of Fourier
modes, M = 2. The number of Cheby-
shev modes N = (a) 50, (b) 100, (c) 150,
(d) 200.

TABLE I. Convergence of the most unstable subharmonic mode with respect
to M and N. Re = 5000, α = 1.12, β = 2, A = 0.0248.

N

M 50 100

1 0.003 05 + 0.061 19i 0.003 04 + 0.061 13i

2 0.001 96 + 0.077 03i 0.001 96 + 0.076 91i

M 150 200

1 0.003 04 + 0.061 12i 0.003 04 + 0.061 12i
2 0.001 96 + 0.076 88i 0.001 96 + 0.076 89i

For a narrow wavenumber band β ≈ 0.49 � 0.56, stable
and unstable regions alternate for a range of amplitudes. The
thresholds also exhibit multiple minima and even a local max-
imum. The lowest fundamental threshold values are Af ≈

0.0035, occuring at βf ≈ 0.21; these are quite different from
Herbert’s (Ref. 2) values given earlier. Intriguingly, one of the
minima does occur at AH ≈ 0.0071, βH ≈ 1.25 whose val-
ues are close to Herbert’s. However, these are not the global
minima, as Herbert seems to suggest.

Similar diagrams can be generated from half-channel
computations as well. In the case of the subharmonic modes,
there is no difference in the full-channel and half-channel com-
putations, as the distinction between even and odd modes is
redundant8 as far as threshold computations are concerned.
However, the real parts of the eigenvalues of the two fam-
ilies will be negative of one another. The eigenfunctions

will be different as well, one being even and the other
being odd.

The fundamental case is quite different. The presence of
an aperiodic term in the velocity expansions leads to different
stability diagrams depending on which set of eigenvalues is
used to generate the diagrams. Figure 11 shows the thresholds
from a half-domain computation. Figures 11(a) and 11(b) cor-
respond to the cases Ca and Cs where the aperiodic term u0

is antisymmetric (symmetric), respectively. Though the com-
posite of the two produces the threshold of Fig. 10(b), the
individual threshold diagrams are different, unlike in the sub-
harmonic case. Thus, if one were to confine oneself to the case
Ca, like Herbert2 did, one would get AH and βH close to Her-
bert’s values, as stated earlier. The case Cs however produces
the lower global threshold, also stated earlier. Herbert (Ref. 2)
seems to have overlooked this component. He does state in
Ref. 8, and we slightly paraphrase—“The curious properties of
the symmetric fundamental mode at low amplitude and small
β will be discussed elsewhere.” However, we are not aware of
such a discussion. Moreover, for β ∈ ≈[0.48, 1.2], the unstable
mode has a phase velocity different from that of the TS wave.
This reflects the fact that the unstable mode is off the imaginary
axis for this range of β. Figure 12 shows the eigenfunctions
corresponding to the lowest thresholds from each of the cases
Ca (AH = 0.0071, βH = 1.25) and Cs (Af = 0.0035, βf = 0.21),
respectively.

Figure 13 shows the threshold amplitudes for a variety of
detuned resonances, when γ varies between the fundamen-
tal and subharmonic cases. Some of these have amplitude
thresholds that are even lower than the fundamental one. The

FIG. 10. Threshold amplitudes, as a
function of a spanwise wavenumber β
for (a) subharmonic modes and (b) fun-
damental modes. Note that the lowest
fundamental threshold is lower than the
lowest subharmonic one, in contradic-
tion with Herbert’s (Ref. 2) claim.
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FIG. 11. Threshold amplitudes, as a
function of a spanwise wavenumber β
for the (a) odd and (b) even compo-
nents of the fundamental modes, from
half domain computations with appro-
priate boundary conditions. Note that
the odd fundamental threshold is in fair
agreement with Herbert’s (Ref. 2) value,
whereas the even threshold is actu-
ally the global minimum and apparently
overlooked by Ref. 2.

FIG. 12. Fundamental eigenfunctions
for (a) antisymmetric case (At = 0.0071,
β = 1.25), (b) symmetric case (At =
0.0035, β = 0.21). Solid lines represent
the aperiodic component, u0.

FIG. 13. Threshold amplitudes, as a
function of a spanwise wavenumber β
for detuned modes. The Floquet expo-
nent γ = (a) 0.125i, (b) 0.25i, (c)
0.375i. The fundamental and subhar-
monic modes have γ = 0 and γ =
0.51i.
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FIG. 14. Composite stability diagram, computed over all modes ranging from
the fundamental to the subharmonic. Re = 5000 and α = 1.02.

fundamental and detuned modes show two minima: a sharp one
at lower β and a broader one at higher β, with the sharp one
being the smaller of the two. A local maximum is also exhib-
ited for these resonances. Around γ ≈ 0.4i, the local maximum
and the higher minimum coincide; beyond this value, only the
lower β minimum exists with the threshold being monotonic
on either side.

Figure 14 presents a composite of the threshold ampli-
tudes, obtained over all γ ∈ [0, 0.51i] and β ∈ [0.1, 2]. The
composite profile demonstrates three minima, the first due to
the fundamental mode and the other two being produced by a
detuned mode with γ ≈ 0.2.

Figure 15 presents stability diagrams analogous to Fig. 10,
but computed with M = 2 and N = 160. The shape of the
threshold amplitude envelope remains substantially the same
as that computed with M = 1 and N = 40; the values differ a
little as noted earlier.

C. Comparison of disturbance velocity profiles

A key component of the comparison between theory and
experiment and between different calculations is the shape of
the disturbance velocity profile. While the theoretical calcu-
lations can provide the various Fourier components um, 3m

FIG. 16. Streamwise secondary disturbance velocity for the subharmonic
mode at Re = 5000, α = 1.12, β = 2 and A = 0.0248. Solid and dashed curves
represent present and Herbert’s (Ref. 2) results.

[Eq. (3)], the total disturbance velocity depends on the moving
frame coordinate ξ. The experimentalists, on the other hand,
measure the total disturbance velocity in the lab reference
frame and have to extract the particular Fourier component
of interest for comparison.

We start with a comparison with Herbert’s2 results for the
subharmonic case considered earlier (Re = 5000, α = 1.12,
β = 2, A = 0.0248). Figure 16 shows the present computation
of the streamwise disturbance component u3 normalised with
its maximum value along with Herbert’s calculation of the
same. We have assumed the moving coordinate ξ = 0. The
comparison is good.

Figure 17 shows a comparison for the fundamental sym-
metric mode, which is the dominant mode at the consid-
ered parameter value. The solid line represents the present
computation of the fundamental Fourier component [u1 in
Eq. (3)] with M = 2, while the dashed-dotted line (almost
indistinguishable from the solid) is with M = 1. The dashed
line is the total fundamental streamwise disturbance compo-
nent obtained from Fig. 1 of Ref. 8, after subtracting the TS
part. The circles represent experimental values, synthesised
from the amplitude and phase measurements of the study of
Nishioka and Asai.9 It is important to note several points about

FIG. 15. Threshold amplitudes, as a
function of a spanwise wavenumber β
for (a) subharmonic modes and (b) fun-
damental modes. Two Fourier and 160
Chebyshev modes are used.
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FIG. 17. Streamwise secondary disturbance velocity for the even fundamen-
tal mode. The solid line and the circles, which represent experimental values
of the study of Nishioka and Asai,9 are for Re = 5000, α = 1.16, β = 1.84, and
A = 0.018. The dashed line represents the computation by Herbert (Ref. 8) for
Re = 5000, α = 1.12, β = 2, and A = 0.0248.

the quantities in this figure. We infer from the study of Nishioka
and Asai9 that their experimental profile is of the fundamental
Fourier component; the curve representing the present compu-
tation is for the same component as well. On the other hand,
we also infer from Herbert8 that his curve represents the total
fundamental streamwise disturbance, not just the fundamen-
tal Fourier component. Also, the Herbert computation is for
α = 1.12, β = 2, and A = 0.0248, whereas the present com-
putation is for α = 1.16, β = 1.84, and A = 0.018, same as
the experimental values. Nishioka and Asai9 claim good com-
parison with Herbert’s curve. However, it is clear from the
figure that the comparison is better with the present computa-
tion of the fundamental Fourier component of the streamwise
disturbance.

IV. DISCUSSION

It has been widely held for atleast 30 years that three
amplitude ranges, of the basic 2D TS wave, can be dis-
tinguished in pPf—the lowest range with no 3D instability,
an intermediate range with instability to only subharmonic
disturbances and a large amplitude range where the flow
is unstable to both harmonic and subharmonic distur-
bances (for example, p. 286 of the study of Godreche and
Mannville10). However, no signatures of the subharmonic
modes have been experimentally reported even at the lowest TS
amplitudes.

This discrepancy was sought to be explained by DNS stud-
ies of natural transition, such as Kim and Moser11 and Zang
and Krist.12 One explanation was that the spanwise modes
were preferentially elevated above the background level and a
nonlinear interaction between these and the primary wave led
to a growth of the fundamental [(1,1) or (1,2) in these studies]
such that these modes were present at higher amplitudes than
say the subharmonic so that even with the latter modes starting
to grow at lower primary amplitudes, it was the former which,

by dint of their initial higher values, were actually seen in the
experiments.

It may be noted however that the “fundamental mode” of
these studies is not the same as that of the Floquet analysis
of Herbert; the latter’s fundamental has many Fourier compo-
nents, one of which is the former and another is the spanwise
mode. It is also important to note that all these components
evolve temporally at the same rate. One way the subharmonic
mode could appear was if it was initially seeded to be of com-
parable amplitude to the fundamental and in fact, staggered
lambda patterns13 (corresponding to subharmonic modes) and
even detuned modes14 have been observed in boundary layer
flows by precisely such seeding. The sole observation of stag-
gered patterns in pPf is due to Ramazanov,15 who also had
to seed the subharmonic mode. However, most of the experi-
mental observations, of staggered and peak-valley structures,
and of streamwise velocity disturbance profiles, are at high
primary disturbance amplitudes.

The present study shows that the symmetric fundamental
modes can have a lower or comparable threshold amplitude
to the subharmonic and thus presents another scenario for the
possible appearance of the fundamental. A second possibility
is that slightly detuned modes, which may have lower thresh-
olds than even the fundamental but whose velocity profiles
may not be very different, are the ones that are actually seen in
the experiments. A confirmation of these would require experi-
mental observations at lower disturbance amplitudes than have
been reported in the literature.

Crouch and Herbert16 considered the weakly nonlin-
ear evolution of secondary disturbances in boundary-layer
transition. Such an analysis requires the identification of
the dominant secondary mode(s) as the primary disturbance
amplitude tends to zero. If a similar analysis is performed for
the pPf and surprisingly it does not seem to have been done
till now, the present findings would be of value in such an
identification.

V. CONCLUDING REMARKS

We have shown that there does not exist, in pPf, a low TS
amplitude range in which only subharmonic modes become
unstable, contrary to the prevailing view. Moreover, we have
found that the amplitude thresholds of some detuned modes
can be even lower than the fundamental’s for some β. The
fact that the fundamental threshold can be lower than the sub-
harmonic provides a possible alternative explanation, different
from that given, for example, in the study of Kim and Moser11

for the preponderance of the fundamental instability, even at
low disturbance amplitudes, contrary to the predictions of
Herbert1,2 that the subharmonic instability should dominate
at these amplitudes.

These new modes would also have to be considered as
possible candidates for a weakly nonlinear analysis of the
secondary instability in plane Poiseuille flow. The present
study makes detailed predictions, which include shapes of
eigenfunctions (Fig. 12), about the possible fundamental insta-
bility at very low disturbance amplitudes; these could be
tested by new experimental observations at these disturbance
amplitudes.
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APPENDIX: SECONDARY DISTURBANCE EQUATIONS

Substituting (2) into the N-S equations, linearising in ε ,
eliminating the pressure and the spanwise velocity compo-
nent 43 by taking curl and using continuity, respectively, a
coupled PDE system for the streamwise and normal velocity
components u3 and 33 is obtained as in the study of Herbert
et al.5

[ 1
Re
∇2 − (U0 − c)

∂

∂x
−
∂

∂t

]
∂η3

∂z
+ ζ0

∂2v3

∂z2

+ A
[

(−
∂ψ1

∂y
∂

∂x
+
∂ψ1

∂x
∂

∂y
−
∂2ψ1

∂x∂y
∂η3

∂z

+
∂2ψ1

∂x2
(
∂2u3

∂x∂y
+
∂2v3

∂y2
) −

∂2ψ1

∂y2

∂2v3

∂z2

]
= 0, (A1)

[ 1
Re
∇2 − (U0 − c)

∂

∂x
−
∂

∂t

]
∇2v3 −

dζ0

dy
∂v3

∂x

+ A
[
(−
∂ψ1

∂y
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∂x
+
∂ψ1

∂x
∂

∂y
)∇2v3 +

∂2ψ1

∂x2
(
∂ζ3

∂y
+
∂η3

∂z
)

−
∂2ψ1

∂x∂y
(
∂ζ3

∂x
+
∂ξ3

∂z
) −

∂ζ1

∂x
(2
∂u3

∂x
+
∂v3

∂y
)

−
∂ζ1

∂y
∂v3

∂x
− (u3

∂

∂x
+ v3

∂

∂y
)
∂ζ1

∂x

]
= 0. (A2)

(A1) and (A2) have to be solved subject to the boundary
conditions u3 = v3 = ∂v3/∂y = 0 at y = ±1.
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