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1.   INTRODUCTION 

Flow and heat transfer due to free convection and mixed (free and forced) convection are 
often encountered in engineering systems, eg., doubly glazed windows, production of float 
glass, food processing, growth of crystals, solar ponds, dynamics of lakes and thermal 
hydraulics of nuclear reactors. The simplest configuration approximating some of these 
practical flow situations is the flow and heat transfer in a rectangular cavity where the flow 
is induced by a shear force resulting from the motion of the upper lid combined with the 
buoyancy force due to the heating of any of the other three plates forming the cavity. 
Simple geometry, unambiguous flow boundary conditions and recirculating flow with 
multiple vortex formation have justified the use of the problem of lid-driven cavity without 
thermal effects as a work-horse problem for validation of CFD algorithms against other 
benchmark computation [Ghia et al (1982)] and measurement data [ Koseff et al (1983)]. 
On the other hand, the free convection of a viscous fluid in a differentially heated cavity 
with two opposing walls held at different temperatures provides another simple problem, 
studied extensively by researchers [Vahl Davis (1983), Wan et al (2001)] to understand the 
interaction between buoyancy and shearing forces in such flow situation. In case of mixed 
convection problems when both the lid motion and the buoyancy effects due to temperature 
difference are present, the vortical core flow pattern is surrounded by the wall boundary 
layers and the average and local heat transfer coefficients (Nusselt number) are function of 
Reynolds number, Grashof number, Prandtl number and the cavity Aspect Ratio. Some 
important experimental results on mixed convection in cavity have been reported by Prasad 
and Koseff (1989), whereas limited computational results are reported by Xu et al  (1998) 
on free convection due to bottom heating and by Moallemi et al (1992) and Mohamad et al 
(1993) on mixed convection situation. The flow and heat transfer characteristics for mixed 
convection in rectangular enclosures remains an interesting research problem for which 
many important aspects are yet to be explored in further details. 

The present work focuses on detailed CFD analysis of flow and heat transfer in a square 
cavity for which the top lid wall, maintained at a lower temperature, is either stationary or 
driven parallel to itself at a uniform speed whereas the other three walls are stationary, the 
two vertical walls are thermally insulated and the horizontal bottom wall is maintained at a 
higher temperature. The computation of flow and heat transfer is carried out using a 
pressure-based finite volume type flow solution algorithm RANS2D [Majumdar et al 
(2003)], developed at the CTFD Division, NAL, Bangalore for time accurate computation 
of incompressible flow in complex configuration. The effect of the governing parameters 
on the flow pattern and heat transfer are studied in details to understand the relative role of 
fluid shear and buoyancy in this complex flow situation. 
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1.1 STATEMENT OF THE PROBLEM  

Fluid flow and heat transfer are modeled in a two dimensional rectangular cavity of width L 
and height H in which the top lid surface moves across the cavity from left to right at a 
constant speed UL, as shown in Fig 1.1. The vertical walls of the cavity are insulated and 
the top and bottom surfaces are maintained at constant temperatures TC and TH , 
respectively, with TC < TH. The flow is assumed to be laminar, and the fluid properties are 
constant except for the change of density in the buoyancy term (the Boussinesq 
approximation). Under the assumptions of small coefficient of thermal expansion of the 
fluid media, the fluid is considered to be incompressible; but the change in density can be 
represented using the Boussinesq’s approximation as Buoyancy force = 
( ) ( )ccc TTgg −=− βρρρ   where, β  is the coefficient of thermal expansion, T is the local 
temperature, cT  is the reference temperature at which cρ  is defined as the density of the 
fluid and g is the acceleration due to gravity. The effect of buoyancy force is introduced as 
an additional source term in the momentum equation along the vertical direction. The non-
dimensional parameters which decide the flow pattern and heat transfer in a rectangular 
cavity due to mixed convection are Reynolds number (Re), Grashof number (Gr) and 
Prandtl number (Pr), defined as flollows 

( ) 23     ,    , νβανν refchrefref LTTgGrPrLURe −===  
where, ν and α  are the kinematic viscosity and thermal diffusivity of the working fluid. 
Uref  and Lref  are the reference velocity and length respectively for the problem considered. 
 
The present work is divided into three different subtasks – (1) the accuracy of the flow 
solution algorithm used for computation is first assessed through computation of isothermal 
flow in a lid driven square cavity. (2) flow and heat transfer is analysed for free convection 
in a bottom heated thermal cavity of different aspect ratios and prediction of the critical 
Rayleigh number as well as the formation of the Rayleigh-Benard convection cells in 
cavities with aspect ratio other than unity. (3) flow and heat transfer analysis for mixed 
convection in a bottom heated lid driven square cavity and validation of the computation 
results against other computation and measurement data.   
 

 
Fig 1.1   Schematic representation of a rectangular cavity with boundary conditions 
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2.  LITERATURE SURVEY 

2.1. SIDE HEATED STATIONARY CAVITY 
Flow and  heat  transfer due to laminar free convection in a rectangular enclosure has been 
studied extensively during the last four decades. The research papers of Eckert et al (1961) 
or Elder (1965) published in early sixties focused mainly on the measurement of the flow 
pattern and the temperature field for free convective flow in a rectangular cavity with 
temperature difference maintained across the side walls. In Eckert’s work, the temperature 
field in an air layer enclosed between two isothermal vertical plates with different 
temperatures has been investigated with the help of a Mach-Zehnder interferometer. Local 
heat transfer coefficients are derived from the temperature gradients in the air normal to the 
plate surfaces. For large Grashof numbers at a Prandtl number =0.7 and below a certain 
aspect ratio, the boundary layers are identified along the enclosure surfaces where the major 
part of the heat transfer takes place and the temperature in the central core is observed to be 
uniform along horizontal direction. Fluctuations in the flow and wave motions are observed 
in some of the measurements. Finally correlations based on measurement data are presented 
for the local and average heat transfer rate. 

The experimental study of Elder (1965)  analyses laminar free convection in  a vertical slot 
where the aspect ratio is varied from 1 to 60 and the Raleyigh 
number ( ) ναβ 3   LTTgRa ch −=  is below 108. For Ra < 103,  the heat transfer is mostly by 
conduction, but a weak stable unicellular circulation is generated. For 103 < Ra < 105, large 
temperature gradient grow near the vertical walls, and a uniform vertical temperature 
gradient is established in the interior part of the cavity. Near Ra =105, a steady secondary 
flow is generated in the interior region of the primary vortex. A regular cellular pattern 
becomes superimposed on the basic flow to produce a ‘cats eye’ pattern of streamlines. 
Beyond Ra = 106 when the secondary cell amplitude is large, a further steady cellular 
motion is generated in the weak shear regions between each cell. 
Rubel et al (1969) reports computation of flow for steady state free convection of a fluid in 
vertical rectangular cavity with isothermal side walls and adiabatic top and bottom walls  
for 6×104 < Ra < 3.6 ×105 at Pr = 1, 6 and 2000 and at a fixed aspect ratio of 5. The 
governing non linear fourth order equation for the stream function and the coupled second 
order energy equation have been solved numerically by a  stable and rapidly  converging 
iteration scheme. The mild effect of mesh size on the flow computation results is reported 
and a 50 ×  20 grid is considered to be adequate for prediction of the flow characteristics 
with appearance of multi cellular structure at an aspect ratio of 5.0. The authors conclude 
that unicellular flow characteristics are obtained for moderate Rayleigh number (< 10 5) and 
for the value of Ra beyond 1.2×105, the unicellular pattern begins to change with formation 
of weak central double cell and strong single cells near the top and the bottom of the cavity 
as well. Increase in Prandtl number leads to the formation of central cells at high Rayleigh 
number, but no cellular structure are observed near the top or bottom of the cavity up to   
Ra = 3.6×106 and Pr = 6. The results suggest that strong dependence of the Prandtl no. on 
the flow pattern takes place at high values of Ra only.  
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Very important contributions in the area of computational analyses of flow and heat 
transfer in free convection are reported by G. de Vahl Davis (1973,1976,1983) and his 
research group between early seventies and late eighties. The flow field as well as the 
important heat transfer parameters have been computed for laminar free convection in 
rectangular enclosures with vertical side walls maintained at different temperature. These 
accurate computation results are more or less used as benchmark computation for this 
problem by the other researchers later. The Rayleigh number (based on the distance 
between the isothermal walls of the cavity) has been varied from 103 to 2 ×105  for a square 
cavity  and upto 1.25×106 for a cavity aspect ratio of 5. It has been observed that high 
Prandtl numbers exert a stabilizing influence on the numerical solution, while they have 
only a small effect on the final results (10-1<Pr<103). Development of thin boundary layer 
is observed near the cavity walls when the Ra increases and it is well established at this 
stage that strong vorticity generated near the walls is able to sustain the weak return motion 
in the outer part of the boundary layer. Reverse flow is also observed near the center of the 
cavity at high Ra number. As far as temperature distribution is concerned, the temperature 
profile is virtually linear at Ra value below 103 and the heat flow across the cavity is mainly 
due to conduction. As Ra increases , the convection becomes significant and the profiles 
show  a progressive departure from the linearity. The temperature gradient across the 
isothermal walls of the cavity becomes smaller showing that the amount of heat crossing 
the cavity directly by conduction decreases. Beyond  Ra = 10000, the temperature gradient 
across the isothermal walls becomes negative and conduction in the central core of the 
cavity is actually opposite to the overall direction of heat flow. The horizontal temperature 
gradient at midpoint of the cavity becomes minimum at Ra~35000. However the vertical 
temperature gradient profile in the mid point of the cavity shows a complex behaviour. At 
low Ra, when the motion is in conduction regime ,the vertical gradient is essentially zero, 
As the fluid passes through the transition regime between conduction and convection, the 
gradient increases and experiences an oscillation with increasing Ra. The vital role of 
Prandtl number on the stability of the solution has been explained at high Rayleigh number 
only.  Computations carried out for Prandtl number varying from 0.1 to 1000 at wide range 
of Rayleigh number show significant effect of Pr only for large values of Ra beyond a level 
of 5×104. 

2.2  BOTTOM HEATED STATIONARY CAVITY 

When the fluid is enclosed in a rectangular cavity located in a vertically downward gravity 
field and the cavity is heated from below instead of the differential heating of the side 
walls, the question of thermal stability becomes very important and many interesting 
findings based on classical analyses and supported by measurement, have been reported by 
Chandrasekhar (1961), Ostrach (1954), Benard (1900) and Rayleigh (1916). These 
investigations confirm that when a horizontal fluid layer is heated from below, a critical 
temperature gradient or a corresponding Rayleigh number needs to be exceeded before 
convective motion becomes established. In another research paper Catton et al (1967) 
presented systematic experimental results giving the Rayleigh number at which convection 
initiates in a closed cell and also the Nusselt number versus Rayleigh number relationship 
which prevails after convection is initiated. However their paper focused more on the effect 
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of the side wall boundary conditions on the free convection between horizontal plates 
heated from below.    

Some interesting computation results on bottom heated rectangular cavity has been reported 
recently by Xu et al (1998) who used Gas Kinetic BGK scheme in the incompressible limit 
to simulate Rayleigh-Benard convection cells in a bottom heated cavity. Using a simple    
80 ×  40 control volume grid, the critical Rayleigh number is estimated quite accurately for 
a cavity with aspect ratio of 0.5. Rayleigh-Benard  convection cells are also clearly 
observed in the predicted velocity and temperature field for aspect ratio other than unity.   

2.3  BOTTOM HEATED LID DRIVEN CAVITY  

Heat transfer in flows where the influence of forced convection and free convection are of 
comparable magnitude, are usually referred to as “mixed convection” problem in the heat 
transfer literature. Gebhart (1971) has separated mixed convection problem further into 
fluid flow and heat transfer processes pertaining to external flow or internal flows and has 
provided a review of some of the common geometry. Most of the experimental and 
numerical investigations on mixed convection process reported during the last three 
decades are related to external flow system, specially for general horizontal fluid layer 
heated from below. On the other hand internal or confined flows are of great interest to 
designers of alternate energy systems like solar ponds or solar storage devices etc. But very 
few research results are available for mixed convection in enclosures where recirculating 
flows are often strongly affected by buoyancy as well as the geometry.  

Moallemi et al (1992) describes the flow and heat transfer in a square cavity where the flow 
is induced by a shear force resulting from the motion of the upper lid combined with 
buoyancy force due to bottom heating. The numerical simulations are performed for two 
dimensional laminar flow (100<Re<2200) and the effects of small to moderate Prandtl 
numbers (0.01<Pr<50) on the flow and heat transfer in the cavity are investigated for 
different values of Richardson number (Ri = Gr/Re2) which happens to be one of the main 
governing parameters of any mixed convection problem. The coupling between the heat 
transfer and fluid flow in the cavity takes place through the buoyancy forces included as an 
external source term in the momentum equation along the vertical direction. The numerical 
solution is obtained by discretizing the governing equations using a control volume 
approach with the power law scheme for calculating the fluxes at the faces of the control 
volume. SIMPLER algorithm is used with the inertial relaxation method  to accelerate the 
convergence. To solve the large velocity and temperature gradient in the boundary layer 
near the cavity walls non-uniform grid has been used along both x and y direction. The 
effects of Prandtl number on the flow structure and heat transfer in a cavity is found to be 
more pronounced for higher values of Pr, for given values of Re and Gr. The general 
observation is that the free convection effects always assist the forced convection heat 
transfer and the extent of the enhancement is a joint function of Pr and Ri.  
Mohamad et al (1993) performed experiments to investigate free and mixed convection in 
shallow rectangular cavities, heated from below. Cavities with aspect ratios 1/10 and 1/5 in 
the longitudinal and spanwise directions respectively using Ethylene Glycol and water as 
working fluids for Reynolds number in the range of 170 to 2500 and Rayleigh number up 
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to 8.3×104. Flow and temperature fields are visualised using aluminium particles and liquid 
crystal techniques. The temperature history is recorded at different locations and 2D 
numerical simulations have also been carried out. Complex flow structure is predicted 
when, the Richardson number Ri ( )2ReGr=  is of the order of unity and the effect of lid 
motion is found to be insignificant for Ri< 1.  

Prasad et al (1996) carried out an extensive experimental study of the combined forced and 
free convection process within a three dimensional recirculating flow in an insulated       
lid-driven cavity of rectangular cross-section (150 mm ×  450 mm) of variable depth 
(between 150 mm and 600 mm) along the spanwise direction. The forced convection is 
induced by a moving  lid , which shears the surface layer of the fluid in the cavity, thereby 
setting up a recirculating  flow, while the free convection flow is induced by heating  the 
lower boundary and cooling the upper one. By appropriately varying the lid speed, the 
vertical temperature differential and the depth, the Richardson number Ri for these flows is 
varied from 0.1 to 1000. The value of Ri more or less represents the relative magnitudes of 
forced and natural convection in a mixed convection flow. The temperature differential 
between the lower and upper boundaries and the depth of the cavity H are varied to obtain 
the Grashof  number between 107 and 5 ×  109 . Flow visualization using the liquid crystals 
and heat flux measurements at specific locations over the lower boundary provide an 
insight into the nature of the heat transfer process under different flow and temperature 
conditions. The mean heat fluxes measured over the entire lower boundary are used to 
compute the Nusselt number. The general conclusion from the measurement is that the 
buoyancy effects are significant when the Richardson number      Ri approaches unity. For 
Ri <1, the forced convection dominates the heat transfer process whereas for Ri >1, the 
buoyancy effect dominates. 
Morozov et al ( 2001 ) reported another numerical simulation of  mixed convection of  pure 
water in a rectangular lid-driven cavity. The influence of the lid velocity and water density 
extreme on convective current structure and heat transfer has been studied using the 
SIMPLER algorithm. The calculations are performed for three values of Grashof number    
( Gr = 104 , 1.5×105 and 2×105) with Re varying from 0 to 300 at a given Prandtl number         
( Pr =11.59). At 0<Re<Re1 (for Gr =1.5×104, Re1= 25) the heat flux through the cell 
increases on account of convective current enhancement at the top part of the cavity with a 
relatively steady temperature distribution. The current structure changes from two to three 
eddies at the top part of the cell due to the top lid movement. Further increase in Re shows 
that there is intensive movement of the upper eddy and its dimensions . Also, there is 
decrease in current intensity in the bottom part of the cavity where the natural convection 
plays an important role. At Re >66, the forced convection plays its main role in heat 
transfer and the convection current structure consists of a single eddy with increase in heat 
flux. Here two different  types of stationary solution are reported for a given Re depending 
on the initial conditions of the velocity, pressure and temperature field.  
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3.  Governing Equations OF MOTION AND HEAT TRANSFER 

 

3.1 CONSERVATION EQUATIONS USING FLOW VARIABLES IN  PHYSICAL      
        UNITS  
The governing equations for conservation of mass, momentum and thermal energy in 
steady laminar two-dimensional incompressible flow in cartesian coordinate system are as 
follows : 
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where p,v,u and T are velocities, pressure and temperature respectively in their 
corresponding physical units, x and y are cartesian directions.  
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3.2  CONSERVATION EQUATIONS IN NON-DIMENSIONAL FORM 
 Now if one of the cavity dimensions, either L or H , a reference velocity Uref and the 
specified temperature difference (Th –Tc) are assumed to be the reference quantities for 
length, velocity and temperature respectively, the governing equations (Eqs. 3.1.1 to 3.1.4) 
are transformed as following 
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where 
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In case of isothermal problems, the energy equation (Eq. 3.2.4) need not be solved and the 
buoyancy terms in the V  momentum equation (Eq. 3.2.3) is zero. For an isothermal lid 
driven cavity problem, the most obvious reference velocity is the lid velocity (Uref = UL) 
and the reference length is the length of the moving lid ( Lref = L ). The same reference 
velocity can also be used for the mixed convection problem where the lid is driven. In that 
case the governing parameters are Ri, Re and Pr.  For pure free convection problem where 
the flow velocities are induced by thermal effects only, an appropriate reference velocity is 
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a thermal velocity scale defined as  α/Lref where α is the thermal diffusivity. In that case the 
operating Reynolds number Re = α/ν = 1/Pr or the inverse of the Prandtl number. 
Substituting Re as 1/Pr in Eqs. 3.2.2 to 3.2.4, one easily obtains the following non 
dimensional equations for pure free convection problem. 
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where the controlling parameters are Rayleigh number ( Ra=Gr.Pr ) and the Prandtl 

number.  
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4 .  NUMERICAL GRID FOR THE FLOW COMPUTATION 

4.1 CARTESIAN GEOMETRY  
 
4.1.1 Concept of subdomain grid 
Two major tasks of any grid-generation algorithm are: (i) Geometric modeling for accurate 
numerical specification of the boundaries of a physical domain consisting of one or more 
arbitrary shaped configuration where the flow equations are to be solved and                    
(ii) Generation of space grid  ie., calculation of nodal coordinates of a structured grid 
network  ( a family of intersecting grid lines) covering the computation domain, using the 
specified point coordinates on the domain boundaries. However the task is quite simplified 
if cartesian grids are used when the mutually perpendicular grid lines are always parallel to 
the cartesian axes and therefore the task is simplified to specification of the nodal 
coordinates on the rectangular domain boundary only. Some of the problems might consist 
of salient boundary lines inside the computation domain separating some specific zones to 
be blanked as solid. In those cases it is appropriate to divide the whole domain into a 
number of sub-domains covering the different regions of interest. The concept is clarified 
later in subsection 4.1.3, where the application examples are presented.  

4.1.2 Geometric Stretching  
A systematic procedure is required to prescribe the coordinates of boundary nodes for any 
physical problem according to a desired intensity and location of stretching. On the 
physical space, each computational boundary may consist of one or more segments 
separated by salient points prescribed by the user. In a cartesian grid system the segments 
obviously are linear and the required grid nodes can be accurately prescribed on the 
boundary according to a pre-specified intensity and location of stretching. 

The stretching functions used in the present work are purely one-dimensional i.e., the grid 
size increases or decreases only along the segment length, irrespective of whether the 
segment is straight or curved. Points are marked on a given segment in such a way that the 
grid size ie., the length between consecutive points, measured along the segment-arc (L), 
follows a geometric progression rule whose common ratio decides the extent of stretching. 
The points may be stretched either at the beginning or at the end or near the both ends of 
the segment, the number of grid points (N) to cover the segment including the ends, the 
common ratio(R) of the progression and a location index (INDEX) to indicate whether 
stretching is intended at the start or end or both ends of the segment. If S be the minimum 
grid size, measured along the segment-arc, the magnitude of S according to the geometric 
progression rule is: 

 
)R(

)R(LS N 1
1  1 −

−
=

−
               

In case of stretching at both ends, the number of nodes must be odd and the arc is divided 
into two equal halves and each portion is stretched near the corresponding edge using 
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similar formulae. The grid generation routine for the present work has been developed at 
the CTFD division, NAL by Fatima et al (1994). 

4.1.3  Cartesian Grid for the cavity 
The computation domain here is very simple without any blanked region. The domain is 
taken as a unit square covered with 40 × 40 uniformly spaced grid.  Fig. 4.1 shows the grid 
in unstretched form while Fig. 4.2 shows the grid in stretched form, where stretching is 
provided near the wall where steep gradients of the flow variables are to be accurately 
resolved.  

 

 
    

Fig  4.1 Uniformly spaced  grid (40 ×40)        Fig 4.2   Stretched grid ( 40 ×  40  with   

                                                                                            Stretching ratio =1.12  )                                                                    
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5.  NUMERICAL SOLUTION OF FLOW EQUATIONS 

5.1  FINITE VOLUME METHOD FOR SOLUTION OF FLOW EQUATION 

 The transport equation described in section 3 may be written  in a generic form for the 
variable φ  as : 
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5.1.1  Control volume and variable arrangement 

In any finite volume method, the governing differential equations Eq. 5.1 for different 
dependent variables (φ )  are to be integrated over a finite number of control volumes 
covering the computational domain formed by the grid generation procedure. Fig 5.1 shows 
the kind of control volume and the variable arrangement used in the present method. The 
grid generation procedure calculates the coordinates of the control volume vertices which 
are simply joined by linear segments to form the boundary plane and hence the volume. All 
the variables are stored at the geometric center P of the control volume. The four 
neighboring control volume centers are indicated by N, S, E and W for the north, south, east 
and west neighbors. The face center points n, s, e and w are located at the midpoint of the 
opposite edges. These points specified on edges are used for locating the variables and their 
gradients on the control volume faces. The cartesian velocities wU  & wV etc., indicated in 
Fig. 5.1 for the west face of control volume are computed and finally the total convective 
mass fluxes at cell faces are stored. 

5.1.2  Discretisation schemes for the flow equations 

5.1.2.1  Flux balance equation 
The difference equations representing the flux balance are derived by integrating the 
governing equations over the control volumes with the aid of the Gauss Theorem. Thus, the 
volume integral of the terms under the differential operator on the left hand side of the 
transport equation Eq. 5.1 may be converted to surface integrals  (fluxes) over the four 
different faces of the control volume. The resulting balance equation for each control 
volume and variable φ  may then be expressed as follows: 

 

∫
∆

=−+−
V

snwe dVSIIII φ  ( 5.2 ) 

where I e , for example, represents the total flux of φ  across the face e. Each of the surface 
fluxes   I e , I w  etc. is made of two distinct parts, namely a convective contribution I C , a  
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diffusive contribution I D , which may be expressed for a typical cell face ‘w’ for the  flow 
variable φ  as   
 

ww
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w yUI φρ∆=  (5.3.a) 
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The diffusive fluxes D
wI  at  face ‘w’ is evaluated by linear interpolation between two cell 

centers (P and W) at either side of the face, whereas the convective flux is decided by the 

interpolation assumptions for evaluation of wφ  between the nodes P & W. 

5.1.2.2 Convective flux discretisation  
The numerical stability and accuracy of a RANS equation solver depends mainly on how 
the non-linear convective fluxes( C

wI )  are discretised. Three desirable properties for a good 
convective flux discretisation scheme are conservativeness, boundedness and 
transportiveness, which simultaneously ensure the stability and accuracy of the solution. 
The one-dimensional form of pure upwind scheme where the variable value at any cell face 
is replaced by the value at the immediate upstream node, satisfies all these three properties. 
But for multi-dimensional flows, where the flow is skewed to the grid system, the 
inaccuracies due to numerical diffusion contaminate the results to a considerable extent. 
The idea of combining the advantages of the stability and flow direction sensitivity of an 
upwind scheme and the high accuracy of a low-diffusion scheme even at high cell Reynolds 
number resulted in the development of a series of higher order upwind schemes which 
bring in the influence of more remote grid points through variable values or their 
derivatives. The so-called Central Difference scheme using linear inter-nodal variation is 
used for diffusive fluxes. But for high Reynolds number flow the central difference scheme 
is observed to create non-physical oscillations in the solution specially for coarse grids. A 
variety of low-diffusion high order Upwind schemes have therefore been formulated, 
assessed for their relative performance and used in the present algorithm. Three different 
schemes provided  in the algorithm are Central Difference, Central/Upwind Hybrid 
[Patankar(1980) ], and  Quadratic Upwind scheme, QUICK [Leonard(1979) ].  The detailed 
algebra of all these schemes are discussed elsewhere[ Kulkarni et al (2001)]. 
All the calculations in the present work use the second order accurate central difference 
scheme . 
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5.1.3  Finite volume equation for momentum and energy 
The convective and diffusive fluxes calculated according to the discretisation scheme used, 
when replaced in Eq. 5.2 lead to the conservation of fluxes in the form a linear equation for 
the respective flow variable solved. The source terms are often non-linear and in order to 
enhance the numerical stability, the source terms for the steady state equation are 
decomposed in to two components SU and SP  in a linear form as following : 

SPSUdxdyS pφφ +=∫   (5.4) 

 
Fig. 5.1 Typical Cartesian Control Volumes 

       
Replacing the different fluxes and the source terms, the flux balance equation Eq. 5.3 can 
be cast into the following quasi-linear form 

       

( ) SUASPA n
i

i
i

n
pi +=− ++ ∑∑ 11 φφ  (5.5) 

where the coefficient  Ai's  represent the combined effect of convection and  diffusion 
across the cell face . However, transformation of the continuity equation to an equation of 
pressure correction, is not that straightforward and is described in the following section. 
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5.1.4 Calculation of pressure field  

The present algorithm calculates the pressure field using the SIMPLE algorithm of 
Patankar et al (1972), modified for a co-located variable arrangement. The basic idea of the 
SIMPLE algorithm is (i) to assume an artificial link between the cell-centered pressure and 
the cell-face velocities from the discretised momentum equations,  (ii) to frame a system of 
linear equations for pressure correction that satisfy continuity and (iii) finally to correct the 
pressure and velocities accordingly. For two-dimensional flows, the discretised momentum 
equations express the cell-centered velocities as: 
 

( )[ ] ( ) 01 pvewuuvP UPPDHU αα −+−+=  

( )[ ] ( ) 01 pvnsvvvP VPPDHV αα −+−+=  
 

              where ,        
( )

u
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nbnb
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SUUA
H ∑ +

=     ;    
( )
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P

nbnb
v A

SUVA
H ∑ +

=  

                            and        u
P
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yD ∆

=                       ;        v
P

v A
xD ∆

=   

(5.6) 

nbA  represents the coefficients for neighboring nodes,  the  superscript '0'   is the value at 
the previous iteration and u

PA  and v
PA  are the value of  A P for  U & V at the node P and α v 

is an under-relaxation parameter. According to the Momentum Interpolation Scheme 
[Majumdar (1988)], the typical cell-face velocity at the west face may be expressed as: 
 

( )[ ] ( )
( )[ ] ( ) o

wvPSvvvw

o
wvPWuuvw

VPPDHV

UPPDHU

αα

αα

−+−+=

−+−+=

1

1
   (5.7) 

 
where the expressions with overbar represent the linear average of the same quantities 
evaluated at the cell-centers  P  and  W adjacent  to the face `w'. Now the velocity 
components Uw & Vw satisfying the momentum equations do not necessarily satisfy the 
following equation for cellwise continuity  
 

                                         0=−+− snwe CCCC  (5.8) 

In order to satisfy continuity, the velocity field needs to be corrected and the convective 
mass-flux Cw for the west face, for example, may be written as: 
 

                                         )UU(yC '
wwww +∆= ρ  (5.9) 
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using the perturbation form of eqs. 5.6 & 5.7,the relationship between pressure correction 
and velocity correction for cell centre p and cell face ‘w’ may be expressed as : 
 

At the cell center  : 

( )ewuvp PPDU ′−′=′ α   and   ( )nsvvp PPDV ′−′=′ α  
 

(5.10) 

and 

At the cell face : 

( )PWuvw PPDU ′−′=′ α   and ( )PSvvw PPDV ′−′=′ α  
 

(5.11) 

 

Substitution of the cell-face velocities Uw etc., from equations similar to Eq. 5.7 and the 
corrections '

wU  etc., from equations similar to Eq. 5.11, leads to a system of linear 
equations for P′ , expressible in the form of the general equation Eq. 5.5. Cell center 
pressures ( PP ) are then corrected by an amount PP ′α  where Pα  is an underrelaxation 
parameter and corrections are applied to the two cell-centered velocity components 
according to Eq. 5.10 and to all the cell-face velocity components on the four cell faces 
according to correction equation similar to  Eq. 5.11. 

5.1.5 Sequence of the solution algorithm 

The sequence in which the calculation is carried out is as follows: 

1. Set initial  field values of flow variables ( U,V ,P &θ ). 

2. Solve the momentum equations to obtain U  and V field. 
 
3. Compute cell-face velocities(Uw,Vw  etc) using Momentum Interpolation between 

adjacent  control volumes; compute cell-wise mass imbalance and solve for the pressure 
correction ( P’) field.  

 
4. Correct the pressure field and velocities at cell center and cell faces.  

5. Solve the energy equation to obtain the temperature (θ ) field. 

 
      Repeat steps (2) to (5) with updated pressure ,velocities & temperature field till 

convergence between two consecutive time steps.  
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5.1.6 Convergence Criteria 

5.1.6.1 General Convergence Criterion 

Convergence is declared when the maximum normalized sum of the absolute residual 
sources over all computational nodes is less than a prescribed limit, the so-called 
convergence criterion.  The normalized  L 2  norm of the residual for the variable φ  after n 
iterations may be calculated as: 

           φφ φφ RNORM/ASUAR
N nb

n
ppnbnb

n
2

1∑ ∑ 







−+= −  (5.12) 

where N = total number of computational nodes, RNORM φ = a reference quantity used for 
normalization, ∑

N
is the summation over all the control volumes and ∑

nb
 is the summation 

over all  neighbouring nodes for each control volume. The  maximum value of R φ
n  from all 

φ  solved is checked against a specified convergence criterion in order to stop the 
computation cycle. The value of convergence criterion used for most of the examples 
presented is 10-5. As stated earlier, sufficient inner iterations are however carried out for the 
pressure correction in order to satisfy continuity to a considerable extent after every outer 
iteration loop. The pressure correction sweep for each outer iteration cycle is terminated 
when either number of sweeps exceeds 10 or the residual is reduced to 10 % of its starting 
value. 

5.1.6.2 Special convergence criteria for heat transfer problem 

It has been observed in some of the computations that using the maximum normalised 
residual of the mass, momentum and energy equations as stopping criterion for the iterative 
solution procedure, may often lead to a prohibitive computation time requirement. Most of 
the time when the flow pattern is almost stabilised, the numerical process does not bring 
any significant change in the flow field but the residual may still be somewhat high due to 
one or two singular nodes with incompatible boundary conditions. In order to avoid such 
uneconomic computation, some special convergence criterion suggested by Moallemi et al 
(1992) has been attempted in the present work. For any set of input parameters, the solution 
is considered converged if  
 

( ) ( ) ( ) 311 10−++ <− j,iMaxj,ij,i kkk φφφ     and   ( ) 3101 −<− Hc NuNu   
 
Where I and j refer to the computational node index, k is the iteration loop counter, φ  is  U, 
V or θ  and NuH  and NuC are area –averaged Nusselt numbers on the lid and the bottom 
surfaces, respectively. It has been observed that when the above criterion is satisfied, the 
normalised continuity residue is also below the acceptable limit of 10-6. Usually 2000   to 
2500 iterations are required depending on the input parameters.   
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6.  RESULTS AND DISCUSSION 

 
6.1  ISOTHERMAL LID-DRIVEN SQUARE CAVITY 
 This problem is chosen to understand the different features of the  existing implicit finite 
volume type Navier Stokes code RANS2D and to validate the same  against the available 
bench-mark results of Ghia & Ghia (1982). Development of laminar flow in a lid-driven 
cavity is a work-horse kind of test problem often used for validation of any new CFD 
code/algorithm. The flow being confined from all four sides is an example of a 
recirculating flow induced by the moving wall forming the top lid of a square shaped box 
with the other three walls at rest. Although the geometrical and physical boundary 
conditions are simple and unambiguous, the physics of such strongly recirculating flow 
however is quite complex. The flow computations are carried out for Reynolds number 
Re=100 & Re=1000  based on lid velocity and the effect of convergence criteria ,grid 
resolution and convective flux scheme on the flow solution have been studied in details. 
6.1.1  Computational Details  

The computation domain in the form of a unit square is usually covered by equally spaced 
nodes along  both the directions and a typical grid of 101×101 is shown  in Fig. 6.1(a). The 
number of grid nodes,  however are varied in order to study the effect of grid size on the 
flow pattern. The flow boundary conditions are shown in Fig 6.1(b) 

 
 

                          
           (a)  Grid : 101 ×101                                                  (b)  Boundary conditions 

      
 Fig  6.1 Numerical grid and boundary conditions for single block  flow computation 
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6.1.2 Effect of Convergence Criterion 

 The usual convergence criteria of checking the maximum normalized L2 –norm of the 
residue of  each equation is described in Section 5. Numerical experiments have been  
carried out to examine the effect of convergence criteria on the accuracy of the solution 
obtained when three values of the criterion ε   viz., 10-4, 10-5 and 10-6 are chosen. The 
predictve-corrective  procedure of SIMPLE (Semi-Implicit Method for Pressure Linked 
Equation) Algorithm (Patankar(1980)) is used with α p=0.2, α u=α v=0.8 where α p, α u and 
α v are the under-relaxation factors for pressure, u-velocity and v-velocity respectively. Fig. 
6.2(a) shows the   U-velocity profile at X=0.5 and Fig. 6.2(b) shows the V-velocity profile 
at Y=0.5, computed with different convergence criteria and compared to the benchmark 
computation of Ghia et al (1982). This figure clearly indicates insignificant difference 
between the results obtained using ε  =10-5  and ε  =10-6 . One therefore  needs to solve the 
equations at least up to a convergence level of 10-5 to obtain sufficiently accurate results. 
All computations for the thermal cavity problem have been carried out using   ε  =10-5 . 
 

 
       (a) Transverse distribution of   (b) Longitudinal distribution of  
           longitudinal velocity at X=0.5        transverse velocity at Y=0.5  
 

Fig  6.2 Comparison of velocity profiles obtained using different convergence 
              criteria for lid driven cavity flow (Re = 100) 

 
6.1.3  Effect of Grid Resolution 
Four different equi-spaced grid sizes 21×21, 41×41, 81×81 and 101×101 are used to 
check  the sensitivity of the grid resolution on the flow results computed with different grid 
sizes and the central difference scheme for the convective flux discretisation. 
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In Fig 6.3 shows the U & V -velocity profile at X=0.5 and Y=0.5 respectively computed 
with four different grid sizes. The figure indicates clearly that beyond a grid size of 81×81, 
more or less grid independent results are obtained. 81×81 grid has therefore been used in 
all further computations of the present thermal cavity problem both in case of free 
convection and mixed convection cases.   
 

 
    (a) Transverse distribution of                     (b) Longitudinal distribution of   
       longitudinal velocity at X=0.5                          transverse velocity at Y=0.5 

 
    Fig 6.3 Effect of grid resolution on computation results 

 
6.1.4  Effect of Convective Discretisation Schemes 
Four different spatial discretization schemes viz., Central Difference , pure Upwind, Hybrid 
and QUICK schemes are used employing the 81 ×  81 grid.  Fig. 6.4 shows the effect of the 
discretization scheme on the velocity profiles U and V at X=0.5 and Y=0.5 respectively. 
The figure clearly reveals that using a reasonably fine grid, the first order accurate pure 
upwind scheme is under-predicting the velocity filed due to its usual numerical diffusion 
problem for multidirectional flow. On the other hand, no significant difference is observed 
between the benchmark solution and the solutions obtained from different high order 
schemes: specially the results of the QUICK and HLPA schemes are observed to be almost 
coinciding. In the present work on laminar flow and heat transfer in a lid driven square 
cavity, second order accurate central difference scheme has consistently been used for the 
momentum equations in all the problems considered.  
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(a) Transverse distribution of                            (b) Longitudinal distribution of 
     longitudinal velocity at X=0.5                                 transverse velocity at Y=0.5 

 

Fig 6.4 Effect of convective flux scheme on computation results 
 
6.1.5 Streamline and Velocity field 
Fig. 6.5 shows the particle traces ( streamlines for steady flow  ) computed using  81 ×  81 
grid and the central difference scheme for convective flux discretisation for two different 
flow Reynolds numbers (Re=100 and 1000), based on the lid velocity. The computed 
streamlines clearly show the prediction to be physically realistic with the formation of a 
large primary vortex covering most of the cavity space and a couple of small secondary 
vortices at the left bottom and the right bottom corner  of the cavity. The location of the 
centers of the primary and the two secondary vortices are found to be in close agreement 
with the computation reported by other researchers in the available literature 
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 (a)  Streamlines at Re=100          (b) Streamlines at Re=1000 

Fig 6.5  Streamlines  obtained using single block computations for flow in 
a lid driven square cavity 

 

Primary recirculating eddy is generated by the lid dragging the adjacent fluid. The vortex is 
clockwise when the lid is dragged from left to right. Both the counterclockwise secondary 
eddies are formed near the corners due to the separation of the boundary layer growing 
along the corresponding wall , under the adverse pressure gradient caused by the stagnation 
effect of another wall at right angle. As the Reynolds number is increased to 1000 , the 
primary vortex moves towards the cavity centre and the size of  the secondary eddies is  
larger than those for Re=100. 

 6.2  LAMINAR NATURAL CONVECTION IN A BOTTOM  HEATED CAVITY  
This test case is chosen to check whether the flow physics can be properly captured by the 
flow solution algorithm when the cavity has an aspect ratio other than unity and it is heated 
from the bottom with the side walls thermally insulated. In this case the reference length 
and reference velocity are chosen as H and α / H respectively for non-dimensionalisation of 
the governing equations. It is observed experimentally that when a horizontal viscous fluid 
layer is heated from below, the imposed temperature difference must exceed a finite critical 
value before the first signs of fluid motion and convective heat transfer are detected.  The 
condition for onset of convection in a rectangular cavity is often expressed by a critical 
Rayleigh number  where  ανβ 3H)TT(gRa ch −= . In this case , the acceleration due to 
gravity ( g ) acts along the vertical downward direction, H is height of the cavity with top 
wall maintained at a lower temperature Tc and the hot bottom wall is maintained at Th. As 
long as the temperature difference (Th – Tc ) is below certain threshold , heat is transferred 
in the conduction mode only without any fluid motion. Beyond a critical temperature 
difference, the static conduction state becomes unstable to any small disturbance and the 
transition takes place from the conduction to convection mode of heat transfer. The 
Rayleigh number corresponding to this critical temperature difference is called the critical 
Rayleigh number. Another interesting phenomenon observed in experiments is the 
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formation of multiple vortical cells in the flow along the longer side of the cavity when  
heated from the bottom wall.  

6.2.1   Computational Details 

In the present calculations for cavity with bottom heating, three different aspect ratios, viz., 
H/L = 0.5, 1.0 and 2.0  are considered where H represents the distance between the 
horizontal isothermal walls and L represents the distance between the vertical adiabatic 
walls. The schematic arrangement of the cavity with the flow boundary conditions used for 
the computation are shown in Fig. 6.6 

 

 
Fig  6.6  Boundary condition for stationary rectangular cavity with bottom heating  

 

6.2.2  Variation of Nusselt number with Rayleigh number 

In order to determine the critical value of  Ra, computations are first carried out with a 
81×41 grid for  an aspect  ratio of 0.5, for the values of Ra ranging from 1000 up to       
Ra= 1700, the Nu   is found to be 1 and beyond this value of Ra only the Nu  increases 
with Ra. Recomputation of the flow field between  Ra = 1700 and Ra =1800 in steps of 10 
indicates the critical Ra at 1710 against a theoretical value of Nu =1707.76 reported by   
Xu et al  (1998 ). Finally Fig. 6.7 shows the variation of average Nusselt number as the Ra 
is changed from 1000 to 100,000 and the results are compared to the computation results 
reported by Clever & Busse (1974) . Reasonable agreement is observed between the two 
different computation results.  
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Fig  6.7  Variation of Average Nusselt number  with Rayleigh number 
                    for  bottom heated cavity with H/L=0.5 

6.2.3  Streamline and Temperature Field  

Fig. 6.8(a) shows the streamline pattern for three different aspect ratios 0.5, 1.0 and 2.0  at 
Ra = 104 . When the  aspect ratio is 0.5 , the computation shows the formation of two 
vortical structures along the longer side of the cavity which are usually designated as the 
Rayleigh- Bernard convection cells. Close to the left vertical wall, a counter-clockwise 
vortex is formed whereas the other vortex near the right wall rotates in a clockwise sense. 
The corresponding isotherms shown in Fig. 6.8(b), indicates a symmetry about the vertical 
axis passing through the middle of the cavity. On the bottom plate the thermal boundary 
layers appear to be   somewhat thinner towards the side walls and a large portion of the heat 
conducted near the outer part of the bottom plate is transported by convection through the 
central region.  However for aspect ratio 1.0, only one convective cell is formed  occupying 
the central part of the cavity and two very small  vortices are formed -  one near the upper 
left corner and another near the right- bottom corner of the cavity. The corresponding 
isotherms show the relatively strong vertical temperature gradient near the left top and right 
bottom corner of the cavity. The vortex core is maintained at a relatively low temperature 
with mild gradient along the horizontal direction whereas the heat conducted in the 
boundary layer of the bottom plate is transported by the vortical convection current and 
consequently conducted once again to the top colder wall in the boundary layer region. For 
an aspect ratio of 2.0 when the vertical side is taller, two convective cell structures are 
observed once again along the longer side, as in the case of aspect ratio of 0.5. The 
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isotherms also indicate a symmetry about the horizontal plane passing through the 
midheight of the cavity. Since the Rayleigh number based on the cavity height is 
maintained at the same value for the three cases, the effective temperature difference 
driving the flow varies from a large value at low aspect ratio to a relatively smaller value 
for a large aspect ratio case. This difference in temperature gradient in the three cases is 
clearly observed in the isotherms shown in Fig. 6.8 (b) where the crowding of the isotherms 
near the top and the bottom wall indicates the temperature gradient to be the sharpest in 
case of aspect ratio of 0.5 which eventually gets milder as the aspect ratio increases. 
Computation at three different aspect ratio shows that a proportionate increase in distance 
between the isothermal walls is likely to produce an equivalent number of convective cell 
structures in the cavity. The present trend of formation of multiple convection cells and the 
corresponding isotherms computed for aspect ratio other than unity compare reasonably 
well with the computation of  Xu et al (1998) for aspect ratio of 0.5 and the results of flow 
visualization experiments reported by  Mohamad et al (1993) for an aspect ratio of 0.1.  
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(a) Predicted streamlines from present computation 

 

          
(b) Predicted isotherms from present computation 

Fig  6.8  Effect of aspect ratio on flow and temperature field in a bottom heated 
stationary cavity (H/L=0.5,1,2.0) for Ra=104 ,Pr=0.71 
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6.3   LAMINAR FLOW AND HEAT TRANSFER IN A BOTTOM HEATED  
        LID- DRIVEN  SQUARE  CAVITY        
This section discusses the results on the mixed convection problem in a  bottom heated 
square cavity which forms the main objective of the present work. The top lid of the cavity 
is moved from left to right with a uniform velocity UL which eventually drives the cavity 
fluid due to the shear effect created at the top. This external boundary movement of the 
cavity is responsible for the forced convective heat transfer inside the cavity. Further, the 
cavity bottom is kept at a higher temperature relative to that at the top and the temperature 
difference causes the buoyancy effect which tends to create the upward movement of the 
fluid against the downward gravitational pull. Thus the flow pattern and the heat transfer 
inside the cavity is decided by a complex interaction between the shear and the buoyancy 
forces. The governing equations in non-dimensional form , discussed in Section 3, have 
already indicated that for mixed convection in a square cavity, the dimensionless physical 
parameters which decide the flow pattern and heat transfer are Reynolds number Re, 
Richardson number Ri and the fluid Prandtl number Pr.  A parametric study has therefore 
been conducted to study the effect of different parameters on the flow pattern and the local 
and average heat transfer rates. 

 6.3.1 Computational Details  

A uniform grid of size 81×  81 and a second order accurate central difference scheme has 
been used for the convective flux discretisation for all the computations carried out for the 
parametric study of the mixed  convection problem in a square cavity. Computations are 
carried out for four different values of Richardson number ( Ri = 0.01, 0.1,1.0 and 10 ) and 
three different values of Prandtl number ( Pr = 0.1,1 and 10). The lid velocity based  
Reynolds number for all the cases is kept unaltered at  Re = 1000 and the value of Ri is 
varied by changing the corresponding value of the Grashof number.    

6.3.2 Effect of Prandtl number on the flow and heat transfer 

Figs. 6.9-6.11 show the effect of Prandtl number on the flow and temperature fields in the 
cavity operating at three different values of Ri., decided by the specified lid velocity (shear) 
and the prescribed temperature difference ( buoyancy) between the bottom and the top 
walls of the cavity respectively. Fig. 6.9 shows the Prandtl number effect at a relatively low 
value of the Richardson number ( Ri = Gr/Re2 =0.01 when  Re=1000 and Gr=104 ). The 
flow fields for  all the Prandtl numbers are found to be established due to the shear induced 
by the moving lid. This may be confirmed by the isothermal situation for the lid driven 
cavity problem at the same Reynolds number. The fluid flow is essentially characterized by 
(1) a primary recirculating eddy covering most of the cavity space, (2) a secondary eddy, 
often referred in the literature as the Downstream Secondary Eddy (DSE), formed at the 
right bottom corner between the vertical wall and the hot bottom surface as a result of flow 
separation on the right vertical wall due to the adverse pressure gradient near the corner 
stagnation region and (3) another secondary eddy referred as Upstream Secondary Eddy  
(USE) formed at the left bottom corner of the cavity as a result of flow separation on the 
bottom wall. All these features of flow are present even in absence of the buoyancy, 
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irrespective of the three values of Pr investigated. Moreover the size, position and strength 
of the secondary eddies are almost identical for the three cases presented. It is therefore 
confirmed that at low values of Ri ( Ri =0.01 in Fig. 6.9 and Ri=0.1 in Fig.6.10) , the flow 
in the cavity is dominated by the shear action of the moving lid only. The flow represented 
by the streamlines is almost independent of the Prandtl number which, in principle, decides 
the temperature and buoyancy variations in the cavity. The corresponding variation of 
temperature field demonstrates strong dependence on the value of Pr. The thermal 
boundary layers thicken as the Prandtl number is reduced from 10 to 0.1 and the large 
constant temperature core which extends to most of the cavity space for Pr=10, gradually 
disappears as Pr is decreased to 0.1 or less. Since the core is nearly isothermal for large 
values of Pr, the influence of buoyancy is limited to the boundary layers only and it is 
manifested in the reduction in size and strength of the secondary vortices only 
(disappearance of the upstream secondary eddy for Pr =10 in Figs. 6.9 and 6.10) with 
increasing values of Pr. However, the strong dependence of temperature distribution on Pr 
is not significantly reflected on the flow pattern in the cavity for Ri=0.01 and Ri=0.1, which 
again shows the insignificant contribution of buoyancy in the flow development for Ri less 
than unity. Such observations have been reported earlier by Moallemi et al (1992) in their 
computation and also in the measurement of Prasad et al (1996). The flow pattern however 
undergoes some drastic change in Fig. 6.11 where the Grashof number is maintained at 106 
and the Reynolds number is kept at 1000 which makes the Richardson number Ri to be 
unity.  At this value of Ri, a strong effect of Prandtl number is observed on both the flow 
pattern and the temperature field. The fluid flow in the cavity seems to be established by a 
balance between the two driving mechanisms involved – the shear and the buoyancy 
effects. For a low value of Pr =0.1 , the heat transfer is mostly by conduction resulting in a 
rather gradual variation of temperature in the cavity, and therefore a relatively weak 
buoyancy field. The strong shear effect produces the primary vortex core as well as the 
three different secondary eddies including one near the top left corner which usually is 
formed in isothermal situation for Re greater than 1000 only. At Pr=1.0 , the balance 
between the shear and the buoyancy effects is manifested in the formation of two eddies of 
almost equal size. The upper one is driven by the moving lid and this is the primary vortex 
enclosing an approximately constant temperature core, with sharp temperature gradient 
near the top cold wall. On the other hand the bottom eddy is basically the enlarged form of 
the DSE near the right bottom corner, observed at lower values of Pr. As the Prandtl 
number increases further to 10, the heat transfer is mostly by convection in the boundary 
layers, the core of the cavity remains almost isothermal and the buoyancy effects are 
significant only near the walls, leading to an increased size of the DSE and elimination of 
the USE. 

6.3.3 Effect of Richardson number on the flow and heat transfer 

The effect of Richardson number ( Ri ) on the flow and temperature field at Pr=1 and 
Re=1000 for mixed convection in a bottom heated square cavity, is shown in Fig 6.12. At 
low values of Ri ( no buoyancy in Fig 6.12 (a) and very mild buoyancy in Fig 6.12 (b), the  
effect of shear is dominant relative to the buoyancy effect. A large primary eddy with small 
upstream and downstream secondary eddies and a constant temperature core is observed 
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with large temperature gradient in the near wall thermal boundary layer only. When Ri is 
changed from 0 to 0.1, the only effect of buoyancy is manifested through the change of 
location and size of the secondary eddies ( USE is reduced and the DSE size is increased to 
some  extent ). At Ri=1, the formation of two eddies of almost equal size, demonstrates the 
balance between shear and buoyancy effects. The upper primary eddy driven by the moving 
lid is deformed due to the opposing action of buoyancy on the right wall. In the bottom half 
of the cavity, the downstream corner eddy assisted by the upward buoyancy effect near the 
vertical downstream wall grows in size and covers almost half of the cavity. When Ri is 
increased to 10, the large buoyancy effects are confined to the thin thermal boundary layers 
only and a single primary vortex core with an approximately constant temperature is 
formed once again. 

6.3.4 Variation of local Nusselt number along the hot wall 

The variation of local Nusselt number along the hot bottom and the cold top wall of the 
cavity for different values of  Ri and Pr is shown in Fig 6.13. Along the top cold lid surface 
the local Nusselt number always drops in the direction of the lid motion due to the growth 
of the hydrodynamic as well as the thermal boundary layer along this surface. But on the 
hot surface however the variation of local heat transfer rate is quite complex and this 
exhibits local maxima and minima which are decided by the location and strength of the 
primary and secondary eddies on this surface. The local Nu on the hot plate shows a 
maxima in the vicinity of the point where the cold jet from the top impinges the cavity 
floor. The drop in the local Nu from its peak value may be attributed to the formation and 
growth of the boundary layer along the cavity floor after the impingement. The points of 
the relative minimum correspond to the points of detachment of the boundary layers from 
the cavity floor due to flow separation. For Ri < 1 shown in Fig. 6.13 (a) and (b), the local 
peak and the averaged heat transfer rates over the lid as well as the hot bottom wall of the 
cavity increase with increase of Pr. This consistent trend is manifested over both the 
surfaces since the curves do not intersect at any location. The heat transfer in the cavity in 
these cases  is dominated by the shear flow  which dictates the primary recirculation in the 
cavity. The effect of buoyancy on the local heat transfer rate from the cavity floor is 
minimal since the position of maximum and minimum Nu do not change with a change of 
Pr. The minor change of local variation of Nu with Pr is due to the weak influence of the 
buoyancy of the secondary eddies. In Fig. 6.13 (c) when Ri =1, the variation of Nusselt 
number along both hot and the cold wall  illustrates stronger dependence on Prandtl number 
Pr, indicating significant contribution of buoyancy to heat transfer and fluid flow in the 
cavity. The points of maxima and minima correspond to the impingement on the cavity 
floor and separation from the floor respectively.  The values of the Nusselt number increase 
in magnitude with the increase of Prandtl number for both the walls and considerable 
change is also observed for the location of the maxima for the Nu on the hot plate with the 
increase of the Prandtl number. This observation confirms that for Ri greater than or equal 
to 1, the buoyancy effects are sensed by both the primary and secondary eddies specially 
when Pr is greater than 1.    
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    Streamlines     Isotherms 

Fig  6.9 Flow and temperature field in a cavity due to mixed convection 
for Re=1000 & Gr=104 (Ri=0.01) 

Pr = 0.1 

Pr = 1.0 

Pr=10.0 
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Streamlines            Isotherms 

Fig 6.10 Flow and temperature field in a cavity due to mixed convection 
                    for Re=1000 & Gr=105 (Ri=0.1) 

Pr = 0.1 

Pr = 1.0 

Pr=10.0 
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Streamlines             Isotherms 

 

Fig  6.11  Flow and temperature field in a cavity due to mixed convection 
                      for  Re=1000 & Gr=106 (Ri=1.0) 

Pr = 0.1 

Pr = 1.0 

Pr=10.0 
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Streamlines              Isotherms 

 Fig 6.12 Streamlines Effect of Richardson number on flow and temperature field due  
                                      to mixed convection in a square cavity  
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                              Hot bottom wall of the cavity                  Cold top wall of the cavity                  

  
 (a) Re=1000,Gr=104,Ri=0.01 

 
(b) Re=1000,Gr=105,Ri=0.1 

 
(c)  Re=1000,Gr=106 ,Ri=1.0 

 

Fig  6.13 variation of local nusselt number along the top and bottom wall cavity 
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6.3.5 Correlation of the average Nusselt number to other parameters 

Navier Stokes solution has been obtained in the present study for various combination of 
the parameters Ri, Re and Pr controlling the heat transfer in a bottom heated lid driven 
cavity. Now in case of mixed convection, part of the heat transfer is due to the forced 
convection and part due to free convection. Accordingly the  Nusselt number can be  
expressed as Numixed =Nuforced+Nufree. For the present problem, the forced convection due to 
the lid motion alone in absence of free convection, is controlled mainly by the boundary 
layers developed on the major portion of the hot floor of the cavity. However in the strictest 
sense, this heat transfer rate is eventually modified to considerable extent partly due to the 
stagnation effect of the impinging cold jet convected from the top and partly due to the 
recirculation effect of the DSE near the right bottom corner. If the forced convection is 
assumed to be controlled by the Reynolds number and Prandtl number only as in the case 
of boundary layer cooling of a hot flat plate, the Nusselt number may be expressed in the 
following form :                

    
33050 ..

forced PrReANu =  (6.1) 
 

 The free convective heat transfer due to thermal buoyancy, on the other hand, is decided 
by the Rayleigh and the Prandtl numbers. The average Nusselt number due to free 
convection for a differentially heated cavity may be expressed ( Catton et al (1967 ) as :  
 
                                             ( )( ) 25020 .

free Pr.Pr/RaBNu +=  (6.2) 
 

The total average Nusselt number for mixed convection may now be expressed as a simple 

summation of  the forced and free heat transfer coefficients as following : 

                                             ( )( ) 25033050 20 ...
mixed Pr.Pr/RaBPrReANu ++=  (6.3) 

                         

The constants A & B may be computed from a linear least square estimation from the set of 
nine data points obtained by CFD analyses ,over a range of Ri and Pr at Re=1000. 
 
Fig. 6.14.  shows the estimate line as well as the computation points obtained from CFD 
analyses. The intercept of the estimated line on the y- axis of the plot (A= 0.168  ) indicates 
the average Nusselt number for purely forced convection in a lid driven cavity when the 
value of Ri tends to zero, whereas the value of A for a simple thermal boundary layer on a 
flat plate is 0.332. This difference may be attributed to the gross difference in the flow 
pattern of a flat plate boundary layer and the complex flow pattern in the cavity. No definite 
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reason can be given to explain the scatter of the computation data. Perhaps the simple 
addition of the effects of forced and free convection does not correctly depict the complex 
non-linear interaction between the shear and the buoyancy forces in the flow and heat 
transfer. A better correlation needs more extensive computation over wider range of the 
control parameters. 

 

 
Fig  6.14 Correlation of average heat transfer coefficient with  the operating  
                       parameters,  for bottom heated lid driven cavity 
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CONCLUDING REMARKS 

 
• The parameters which decide the flow and heat transfer in free and mixed 

convection in a differentially heated lid-driven rectangular cavity are identified from 
the non-dimensional governing conservation equations as : Lid velocity based 
Reynolds number (Re), Prandtl number (Pr), Grashof number (Gr) or the 
Richardson number (Ri=Gr/Re2) and the cavity aspect ratio (H/L). 

 

• Effect of Aspect Ratio for free convection in a bottom heated rectangular cavity is 
studied. The critical Rayleigh number for transition from conduction to convective 
mode for a cavity aspect ratio of 0.5 is correctly predicted and the experimentally 
observed Rayleigh-Benard convection cells are also captured reasonably well for 
cavity aspect ratios other than unity. 

 
• The code RANS2D is used successfully for some of the parametric studies on the 

present problem of mixed convection in a bottom heated lid driven square cavity. 
Computations are carried out for four different Richardson number                        ( 
Ri =0.01,0.1,1 and 10 ) and three different Prandtl number ( Pr = 0.1, 1 and 10) for 
a given lid velocity based Reynolds number as 1000. 

 
• Physically realistic flow pattern and temperature distribution are obtained for all the 

cases investigated and the physical quantities of engineering interest like local or 
average Nusselt number compare reasonably well with other computational values 
reported in literature for the same operating conditions. 

 
• From the computed data on the different flow situations investigated, simple 

algebraic correlations have been established for the average Nusselt number as a 
function of other operating parameters like Re, Ri and Pr in case of mixed 
convection in a cavity. The forced convection is in all cases observed to be assisted 
or augmented by the free convection effects. 

 
• Further parametric CFD analysis-based studies are required in future to arrive at 

more definite and reliable correlations to be used for heat transfer rate due to 
laminar mixed convection in a bottom heated lid driven cavity.   
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