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ABSTRACT 

The main thrust o f  this paper has been the 
exploitation of Cartesian grids in the numerical 
solution of transonic full potential equation. 
Notwithstanding the present-day popularity for 
the use of body-wrapped coordinare systems in the 
context of Computational Fluid Dynamics. 
concerted effort has been .aade here to work with 
Cartesian grids for a variety of flow situations: 
aerofoils. axisymmetric flows. wings and 
wing-body combinations. One reason for this is 
that the codes based on these grids become 
amenable to computers with limited storage and 
speed. Several cases are presented here for each 
of the above flow situations. 'The results clearly 
demonstrate the efficacy of Cartesian grids for 
dealing with complex geometries and also 
underscore their use in the design of computer 
codes usable as engineering tools. 

I. INTRODUCTION 

It has now become a common practice to compute 
flow past 2D and 3D bodies in body-fitted 
coordinates. Presently there are fast grid 
generating routines available for 20 cases. but 
such an attempt for 30 pcoaetries still remains a 
complex task and results in expensive flow 
solving procedures. There have been a few 
attempts, albeit by a minority, to revert back to 
Cartesian grids to solve 2D and 30 problems using 
fuil potential and Euler equations. Transonic 
full potential calculations in stretched 
Cartesian grids have been carried out earlier by 

aerofoils and recently by Carlson and z:y for 
the transonic analysis and design of wing. Wedan 
and South3 have used the Cartesian grid together 
with a finite volure approach for flows past 
lifting and non-lifting bodies. More recently 
Clarke et a14 have extended the method of Ref.3 
to obtain Euler solutions for flow past 
multi-eleeent aerofoils. 

Carlsonl for both analysis and of 

At the Xational Aeronautical Laboratory. 
( N A L ) .  Bangalore. India. there has been a similar 
effort to see if Cartesian grids can be 
effectively used to solve various flow problems. 
Successful codes have already been written and 
good results have been obtained for: (a) 
transonic inviscid 20 flow in both analysis and 
design modes5r6 b )  transonic viscous 2D flow 
with wake effects$*8. ( c )  low speed flow past 
aerofoils at high incidence with separation% (d) 
axisymmetric flowslo. (el inviscid 3D flows past 
wings and wing-body combinations11 912, and 
recently (f) solution of 2D Euler equations13. 

CAmputations using body-conforming g r i d s .  
while being relatively simple and inexpensive for 
20 cases. impose a heavy overhead on computer for 
flow calculation for 30 geometries: more core is 
needed to store the Jacobian and the metric 
coefficients and more arithmetic operations are 
involved while solving the transformed governing 
equations. As a reward. of course. one achieves 
ease of implementation of the surface boundary 
conditions and the conSequentia1 accuracy in the 
final numericaJ solution. Howeverr if the latter 
result can be achieved at the cost of some 
additional analysis and coding effort. the 
Cartesian grid approach promises to be of 
considerable value. particularly in those 
situations where computer core availability . S  

limited. Rut it should be mentioned here that t!de 
additional analysis and care is not a penalty 
restricted to Cartesian grids alone, because 
coeplex body-conforming grids do Ri50 require 
careful handling at singular points, fines and 
surfaces in the coordinate transformations. which 
in no way can be avoided for complex 3D 
geometries. 

The experimentation at the Natioeal 
Aeronautical Laboratory with computations using 
Cartesian grids have demonstrated that the 
results for the 2D and the axispmetric flows are 
as good as those that use mor? sophistfcated 
grids and that the approac&is very promising for  
the 3D configurationsr particularly for 
engineering purposes of design and development. 
h'bhile m r e  work is in progress, the experience 
already gained indicates that the apparent 
simplici*y and economy of the method does not 
necessarily force one to compromise on the 
quality of computed results. In fact. this srudy 
at NAL is revealing and also so promising that ye 
have little hesitation in agreeing witn Soutd' 
when he suggests that the "rectangular grids may 
provide the best alternative for complex 
configurations." This paper aims to sumarize the 
work carried out at the National Aeronautical 
Laboratory. Bangalore. India, over the past few 
years to solve transonic full potential equation 
in a Cartesian framework, with particular 
emphasis on the recent work on transonic wing and 
wing-body computations. 

2. WVERNING EQUATIONS, STRE'ICHED CAFTESIAN 
CRIDS A N D  THE W N L C Z Y  CONDITIONS 

2.1 OVERNING EQUATIONS 

The 3D fuPl potential equation governing 
inviscid transonic flows with weak shocks is 
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given in rerms ofche percurbation poteniiol Q , 
in a stretched Cartesian grid 4 =~(x), r l  = 0 (y). 
C C ( L ) ~  in the Cora 

where 

4 = h l ,  ( x  cos a .+  z 

% 
3 = l l / P ,  = ( 1 -  q 

611 4J /z  = 0 ( I )  r, 

s l n u  + + )  

a = speed of sound 

a = angle of incidence (zero for axisymrrtccric 
flow) 

Equarion ( 1 )  applies to 2D and axisynwetric flows 
when all the terms involving r l  -derivatives are 
dropped. Further 6 = 0 for 20 and 30 flows and 
6 = 1 and a = 0 for axisyssretric case. 

2.2 STREIWIED CARTESIAN GRID 

The infinite physical space (x,y,z) is 
transformed into finite computational space 
( 4  . Q , c ) by a set of three mutually independent 
stretchings given below (See Fig.1). 

R 

Fig.1 : S T R H # Y E D  CARTESIAN GRID 
(i) x- 5; stretching 

The region - OD < < OD is divided into three 
regions : 

REGION 11: ~ ~ 6 ~ x 6 ~  €1  4 5 €2 

2 x = a# + be 

xI is located close to the leading edge 
(typically 1% of the length of the axisymiuetric 
body. or 1% of the chordline for aerofoils and 
wings). x2 = -xl for 2D and axisyretric cases. 
Thc parameters 41 and e2  are subject to the 
requirement that (a) the number of grid lines 
over the aerofoil or the extent of the wing fn 
the x-direction is equal to a specified fraction 
(typically 213) of the total number of x-grid 
lines. and (b) rhat the first grid point just 
behind the leading d g e  for a given wing planform 
be at a specified constant percent of the local 
chord (typically 1%). The latter requirement is 
easily met for straight wings but requires some 
attention for swept wings14 For 20 and 
axisylretric cases €1 = €2. The parameters a 
and b are determined by the reqoirement of 
continuity of the ~ p p i n g  and its first 
derivative at the junction points x and x 2  
while A 2  and A3 are the free pararet!ers set to 
A2 = 0.15. A3 = 3.87 following Carlsonl. For 30 
cases b is set to zero with a view to satisfying 
the requirement (b) above. 

(if) 2- 5 stretching 

where A1 and A 4  determine the spacing of the 
2-grid lines near z = 0 and infinity. 
respectively. For cases with shocks extending 
into the far field, we need to use 1 
and 2, otherwise A 4  can be set to zero. A1 is 
chosen such that there is exactly one grid point 
between the contour and the y = 0 line on the 
first x - constant line through the nose. 
Generally Al= 0.246 for 2D and 3D casesi for 
axisyretric cases A has been varied between 0.08 
and 0.3510. 

A4 between 

(iii) Y-rl stretching (for 3-D only) 

The above function maps 0 s y < OD to 
b so6 I +rl *. The parameter tip corresponding 
to yeiP * is determined by the fraction of the 
total number of grid lines required to fell on 
the wing. C is determined by the requirement of 
continuity of the stretching across the 

line. ytip 



2.3 BOl'NDARY CONDITIONS 

Y J 
rntrrTt RANC 

ImJ 3.C f l C W  

I'ig .2 : I'AR-FIELD UOUNDARY CCINIJll'IONS 

(i) 2-0 flows 

tlere t l i c  far ficld corresponds LO  tlie 
potential of a sinylc vortex of strcngtii 
r placed at the origin of coordinates 

where I- is consistent with the Kutta condition. 

(ii) Axisyaurretric flow 

Here 030 on all the far field bounduries. 

(iii) 3-D flows 

0 E 0 on all the farfield boundaries except the 
Trefftz plane. X + 0 0 ,  where a solution of tltc 
Lsplace equation is obtained satisfying tlic jump 
condition across the wake corresponding to the 
jump in 4 at the trailing edge at each sponwise 
1 oca t ion. 

( b )  Surface Boundary Conditions (Fig. 3 )  
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The surface tangency condition is a staterrent 
at the body surface on 3 . ;f for analysis 
(direct) and on C p  for design (inverse) problem. 
In the Cartesian coordinate system this can only 
be satisfied by using a Taylor series expansion 
since the body contour does not necessarily pass 
through the grid points. This is one of the main 
difficulties. as a l so  often a source of error. in 
the Cartesian formulation. In our formulation, 
the boundary conditions are expanded in a Taylor 
series around thr first grid point outside the 

then body. The statement on ;i . d or a$/an 
determines the potential value of 6 at the first 
'dummy' point (see figure be:ow). It may be 
mentioned here that the determination of this 
dumy value is a .simple matter when the 
coordinate system is body-fitted and orthogonal. 

Zsrn 
b 

Fig.4 : APPLICATION OF SURFACE TANGENCY IN 
CARTESIAN GRID 

Another difficulty is that ' a source of 
instability arises whenever the flow at the first 
field point outside the body happens to be 
supersonic and the W-component of velocity has 
direction from inside to  the outside of the body 
( V  > 0 for upper surface and W < 0 for lower 
surface, respectively). While using rotated 
differencing we then need the value of 4 at the 
second dummy point. One can use a linear 
extrapolation for the value of @ at the second 
dummy point : = - 4w + 2 41 

This linear extrapolation was used in the 
initial stage for 2-0 code development and was 
found to be the source of instability. Actually, 
the above linear extrapolation incorrectly 
restricts to vanish at the first field point 
outside the body when it is approximated by 
backward differencing in a rotated differencing 
scheme. In the 2-0 and the 3-D codes we avoid the 
instability by a (compensative) explicit addition 
of the second derivative d 5 c  at K A ,  now obtained 
through centered differencing at KA (instead of 
the backward differencing) 

*m+i - 2 * ~ ~ +  * I  
$55 KA= 

( A d 2  

In the oxisymmetric code the extrapolation 

has given better resul ts ,  as this extrapolation 
does not force d to vanish at KA. 5 5  



This feuture of the extrapolation is retained 
for the design mode alsor where IKW the 
premxibed S determines the rodifid mrnl to 
thebodysurface rather then the given norm1 
determining tht expression d .  B . This design 
mode is used in nodifying a given aerofoil 

. surface according to a prescribed pressure 
distribution as also in determining the force 
free surface emanating from an assumed separation 
point with the Cp,sepgiven by '6 

where IT& refers to the last grid location just 
inside the trailing edge and Xsepis the location 
of the point of separation. 

3. ROTATED TYPE-DIFFER&KINC AND 
THE SNXESSIVE OI'ER-RELAXATIUU 

3.1 DISCRETIZATION 

The discretization procedure employed in all 
the cases presented here conforms to the routine 
prescription used in transonic flow computations. 
The main features ure 

(i) Central differencing at all subsonic grid 
points wherein the equation written in the 
stretched Cartesian grid is used for the 
discretization 

(ii) Rotated differencing scheme at all 
supersonic points. Here the governing equation is 
wrirten in streamline (s,n) coordinate system to 
facilitate (a) retarded differencing of all the 
derivatives contributing to the streamwise 
derivatives and (b) centred differencing for all 
the derivatives contributing to the derivstives 
normal to the streamline directions, 

(iii) Suitable mixing of the old and the new 
values of 4 so that the time derivative terms 
4nt are simulated and 

(iv) Adding explicitly a +st term to make 
the iterative procedure stable (See Jaaesonl?). 
These details can be seen in Csrlsonl 
Rangarajan and Desais for the 2D cases and in 
Desai. Rangarajan and Ravichandranll for the 30 
case. 

3.2 SOLIITION PROCEDURE 

The discretization of the governing equation 
and the boundary conditions leads to  a system of 
simultaneous equations for the potential 4 at the 
field points of fhe discretized flow domain. For 
the 20 and the axisymetric flows these equations 
are solved by successive line relaxation starting 
from upstream infinity and sweeping to the 

dounstresr, infinity. In each of th:-ssc lines a . 
tridicypnal matrix equation is solved using 
Thorss slgorith. 

In the 3D case the above cw,wtation is 
performed in each X-L plane heginning from the 
plane of syrnetry (y - 0 )  and moving outwards 
spanvise. 

The iterative procedure proceeds from a 
zero-field for the potential and is continued 
till a prescribed convergence is reached 

For 2D and axisymmetric flows: f % lxlO-5 and 
for 3 D  it is generally 0.5~10-4. 

It is found to be computationably economical 
to carry out the calculations on a sequence of 
three grid levels. 

TABLE 

2D code (viscous) 40 1 - 4  

Axi syaret ri c 40 0.5 - 1.5 
3D wing 110 150, single grid 

40, grid sequencing 
(3 levels) 

30 wing-body 140 

4. vrscous CORRECTI(MIS 
Boundary layer and wake paraaeters for a given 

pressure distribution. obtained during potential 
flow solution, are computed following the method 
of Green et all8. A fourth-order Runge-Autta 
scheme is used to integrate &be two integral 
boundary layer equations together with an 
integral kinetic energy equation (Pesai and 
Kiske 19). 

The viscous corrections for the 2D case are 
fully implemented using the transpiration &el 
for both the boundary layer and the waker viscous 
ramp is also included to simulate the effects of 
strong shock. For the 3D case these corrections 
are carried over but in the absence of tho- 
rough Val idation. only inviscid results are 
presented here. 



5 .  RESULTS AND DISCUSSIONS - 
5.1 2D A ' T T W E D  FUHS 

Fig.5 brings out the comparison of the present 
inviscid results with other inviscid nuaerical 
results presented at the GAMY Uorkshop20. 
Comparison is made here particularly for flow 
conditions where shock is considerably strong. 
The prediction of the position of shock is 
remarkably close to that from Fuler solution of 
Rizzi for both the c + f + -  The prediction of peak 
negative pressures and the strength of the shock 
ic also comparable with the predictions from 
Euler solutions. 

A few viscous calculations anti their 
comparison with the avsilahle experimental 
results are brought together in Fig.6. The 
comparisons for the NAC.4 0012 aerofoil for 
pressure distribution21 is quite good hoth for 
subcritical (Fig.68) and sub .rrcriticd (Fig.6b) 
cases. The lift curve slope comparison shown in 
Fig.6c clearly brings out the usefulness of the 
code as an engineering tool. Fig.7 shows the 
comparison of present results with the 
experiments22 for the RAE 2822 aerofoil. Good 
comparisons are also seen with available 
experimental boundary layer parameters. In Fig. 7c 
ye have the comparisons made for a rather 
stringent case of the RAE 2822 where the poor 
recovery of the experimental trailing edge 
pressures shows inripient separation. Tne viscous 
ramp model seems to improve the shock location 
but the good comparison of the pressures 
downstream of the shock obtained without tne 
viscous ramp is now disturbed. Only a few 
comparisons are shown here just to bring out the 
capability of the method: for a large number of 
comparisons, reference may be made to Desai and 
Rangarajan 8 .  

5.2 2D DESIGN 

Three cases of transonic design of aerofoiIs6 
using the present method are shown in Fig.8. The 
consistency of the design procedure is shown in 
Figs.88 and 8b. where the NACA 0012 aerofoil fs 
modified for shockless conditions and thin 
modified aerofoil is remodified to NACA 0012 by 
suitably prescribing this target pressure 
distribution. Fig.& shows the modifications to a 
5% thick MCA 65,4005 aerofoil corresponding to a 
shockfree target pressure distribution. 

5 .3  2D LW SPEED SEPARATED FLOY 

A combination of the viscous analysfs upto the 
separation pofnt and the inverse procedure beyond 
the separation point corresponding to the 
prescribed constant pressure level (equal to 
Cp at separation point), gfves an ability to 
predict separated flows. Presently only the low 
speed separated flows can  be handled. Fig.9 
brings out the comparison with experiments for 
two aerofoils. The comparison is seen to be quite 
good 

w1 

Comparisons between inviscid computations and 
experiaents for two axisyanretric bodies are shown 
in Fig.10. The comparisons shown in Figs.1Oa to 
1Oc are reasonably good over the entire length of 
rhe body. Viscous corrections have been 
implemented in this code bur results are not 
presented here. 

5 . 5  30 COM?UTATIONSI VI.VG ALONE CASES 

Results of the transonic computations for four 
different wings are compared in Figs.11 to 14 
with Chc available expeiimental and other 
numerical results. 

Uefore discussing the results further, a 
comment is in order regarding the freestream .Yach 
number and incidence used in the present 
computations aid the question of wind tunnel wall 
corrections. In the cases presented here. 
wfrerever corrections have been used in Mach 
number and the angle of attack, they have been 
explicitly so indicated but these corrections do 
not necessarily conform to those used by other 
workers. It is a fact well known now that for 
comparable pressure distributions not c;nly the 
Yach number and incidence have to be different 
between two wind tunnels. but also that "separate 
corrections tailored to each individual computer 
code may be required.23. 

'fhis fact will have to be borne in mind while 
assessing some of the results for 3D flows 
presented here. i 

The results for the standard case of ONERA (M-6 
wing with Mp,= 0 . 8 4 . ~  = 3.06 are compared with 
experiment in Fig.11. The agreement is seen to 
be satisfactory. 

In Fig.12 results and comparison with NAL 
experiments are presented for a generic wing of 
AR = 3.6, sweep = 43.33O, with an RAE section. As 
can be seen. the comparison here is quite good. 

7L 
Fig.13 gives results for the E K H E E D  wing-A; 

There is a similarity between the results from 
F1.022 code, except for the shock locations, at 
all spanwise stations. It seems that such 
discrepancies can be reconciled with a stripvise 
viscous correcticn as is demonstrated recently by 
Carlson and Weed'. for the same case. 

Results for LOCKHEED wing-C are presented in 
Fig.14. This is a case of a wing which involves 
considerable twfst. For fhis case a fair 
comparison has been obtained with experiments. 



5.6 30 COMfWl'ATIONS: YING-BODY CASE 

finally, results are presented in Fig.15 for a 
wing-body combination L51F07 of reference 25. The 
present results are corpsred wfth the experiments 
and also with the numerical results qf Boppe 26. 

. There is an overall good agreement between the 
experiments and the present numerical results. As 
with the cases presented before, the shock is 
found to be downstream of the experimental 
location in the outboard region. Here too viscous 
effects may play a vital role. Particularly 
noteworthy is the close agreement between the 
theory and the experiments for the body pressures 
on the meridional plane. 

5.7 SWE COMHE.WS ON WI.VG AND WING-MDY 
COMPUTATIONS 

I n  a l l  the cases presented here the comparison 
towards the outboard 20% of the span 
deteriorates. This is due to the fact that in a 
Cartesian grid, number of grid points on the tip 
region decreases with the taper ratio for a given 
total number of grid lines in the streamwise 
direction; for example with about 60 grid points 
in i2e r-t section there can hardly be 20 points 
on the tip region for a wing with a taper ratio 
of 1/3. Consequently the resolution of the flow 
field deteriorates towards the tip. The technique 
of grid-embedding? so successfully employed by 
&ppe 26 seems to provide a solution to this 
problem. Cu-rently efforts are being made in this 
direction. 

Viscous interaction. as a first step in the 
form of two-dimension strip method, will be a 
second element for further improving the present 
results. Recenl ty viscous corrections have been 
incorporated into the wing and wing-body codes 
using a transpiration model for the viscous 
effects. Green's18 Lag entrainment method is used 
for the two-dimensional boundary layer parameters 
at each spgnwise station. This code is presently 
under validation studies. 

6. cr)NcLUSIONS 

In summary, the following conclusions are 
drawn from the present study. 

(i) Efficient and accurate codes can be 
written in the frame work of stretched Cartesian 
grids to deal with a variety of flows: aerofoils, 
axisyrametric bodies, wings and wing-body 
combinations, both in design and in analysis 
Isode. 

(ii) These codes require less computer 
storage. They therefore are suited to situations 
where supercomputers are not available. and 
provide the only means of obtaining results of 
engineering accuracy on smaller computers. 
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ABSTRACT 

The main thrust o f  this paper has been the 
exploitation of Cartesian grids in the numerical 
solution of transonic full potential equation. 
Notwithstanding the present-day popularity for 
the use of body-wrapped coordinare systems in the 
context of Computational Fluid Dynamics. 
concerted effort has been .aade here to work with 
Cartesian grids for a variety of flow situations: 
aerofoils. axisymmetric flows. wings and 
wing-body combinations. One reason for this is 
that the codes based on these grids become 
amenable to computers with limited storage and 
speed. Several cases are presented here for each 
of the above flow situations. 'The results clearly 
demonstrate the efficacy of Cartesian grids for 
dealing with complex geometries and also 
underscore their use in the design of computer 
codes usable as engineering tools. 

I. INTRODUCTION 

It has now become a common practice to compute 
flow past 2D and 3D bodies in body-fitted 
coordinates. Presently there are fast grid 
generating routines available for 20 cases. but 
such an attempt for 30 pcoaetries still remains a 
complex task and results in expensive flow 
solving procedures. There have been a few 
attempts, albeit by a minority, to revert back to 
Cartesian grids to solve 2D and 30 problems using 
fuil potential and Euler equations. Transonic 
full potential calculations in stretched 
Cartesian grids have been carried out earlier by 

aerofoils and recently by Carlson and z:y for 
the transonic analysis and design of wing. Wedan 
and South3 have used the Cartesian grid together 
with a finite volure approach for flows past 
lifting and non-lifting bodies. More recently 
Clarke et a14 have extended the method of Ref.3 
to obtain Euler solutions for flow past 
multi-eleeent aerofoils. 

Carlsonl for both analysis and of 

At the Xational Aeronautical Laboratory. 
( N A L ) .  Bangalore. India. there has been a similar 
effort to see if Cartesian grids can be 
effectively used to solve various flow problems. 
Successful codes have already been written and 
good results have been obtained for: (a) 
transonic inviscid 20 flow in both analysis and 
design modes5r6 b )  transonic viscous 2D flow 
with wake effects$*8. ( c )  low speed flow past 
aerofoils at high incidence with separation% (d) 
axisymmetric flowslo. (el inviscid 3D flows past 
wings and wing-body combinations11 912, and 
recently (f) solution of 2D Euler equations13. 

CAmputations using body-conforming g r i d s .  
while being relatively simple and inexpensive for 
20 cases. impose a heavy overhead on computer for 
flow calculation for 30 geometries: more core is 
needed to store the Jacobian and the metric 
coefficients and more arithmetic operations are 
involved while solving the transformed governing 
equations. As a reward. of course. one achieves 
ease of implementation of the surface boundary 
conditions and the conSequentia1 accuracy in the 
final numericaJ solution. Howeverr if the latter 
result can be achieved at the cost of some 
additional analysis and coding effort. the 
Cartesian grid approach promises to be of 
considerable value. particularly in those 
situations where computer core availability . S  

limited. Rut it should be mentioned here that t!de 
additional analysis and care is not a penalty 
restricted to Cartesian grids alone, because 
coeplex body-conforming grids do Ri50 require 
careful handling at singular points, fines and 
surfaces in the coordinate transformations. which 
in no way can be avoided for complex 3D 
geometries. 

The experimentation at the Natioeal 
Aeronautical Laboratory with computations using 
Cartesian grids have demonstrated that the 
results for the 2D and the axispmetric flows are 
as good as those that use mor? sophistfcated 
grids and that the approac&is very promising for  
the 3D configurationsr particularly for 
engineering purposes of design and development. 
h'bhile m r e  work is in progress, the experience 
already gained indicates that the apparent 
simplici*y and economy of the method does not 
necessarily force one to compromise on the 
quality of computed results. In fact. this srudy 
at NAL is revealing and also so promising that ye 
have little hesitation in agreeing witn Soutd' 
when he suggests that the "rectangular grids may 
provide the best alternative for complex 
configurations." This paper aims to sumarize the 
work carried out at the National Aeronautical 
Laboratory. Bangalore. India, over the past few 
years to solve transonic full potential equation 
in a Cartesian framework, with particular 
emphasis on the recent work on transonic wing and 
wing-body computations. 

2. WVERNING EQUATIONS, STRE'ICHED CAFTESIAN 
CRIDS A N D  THE W N L C Z Y  CONDITIONS 

2.1 OVERNING EQUATIONS 

The 3D fuPl potential equation governing 
inviscid transonic flows with weak shocks is 
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