


Natural Convection in a Cubical Cavity:

Case of Multiple Solutions

1. Introduction

The purpose of this report is to study an interesting case of natural convection
in a cubical cavity. A set of boundary conditions has been applied on the six walls and
the buoyancy driven °ow inside the cavity is due to the heating of the bottom wall.
Interestingly two families of distinct steady solutions have been observed. Both the
families have the same critical Rayleigh number (Ra)crit below which there is no °ow
and heat transfer is by pure conduction.

The Navier-Stokes and the energy equations under the Boussinesq approximation
are solved numerically by a time marching technique. Two distinct solutions for a set of
identical boundary conditions came as a surprise to us. In an earlier report (Deshpande
2003) several combinations of boundary conditions had been studied. The classical
Rayleigh-Benard convection problem was also modelled in that study for a single square
cell. This problem has been studied extensively (see, for example, Chandrasekhar
(1961), Reid & Harris (1958, 1959), Palm (1960), Segel & Stuart (1962) and Stuart
(1964)).

It may be specially noted here that the linear stability theory is usually employed to
study the Rayleigh-Benard problem and it cannot predict the cell shape. Even though
three shapes - equilateral triangle, square and regular hexagon - have been considered
as possible candidates, hexagonal shape seems to be the preferred candidate. But
no mention of multiple solutions is suspected in any of the studies mentioned above.
Multiple solutions, however, have been reported by Kuhlmann et al (1997) for the
case of lid-driven cavity where there is no heating but driving is two-sided. Multiple
solutions we are going to report here may be of great engineering importance where
convective heat transfer is involved. See, for example, Jaluria(2001).

In the earlier report by Deshpande (2003) mentioned above extensive testing of the
numerical methods and other computational details are documented. We refer to that
report and give only the essential details here for the sake of completeness. The focus
here is going to be on the main results that show the multiplicity of the results under
steady state conditions.

2. Formulation of the problem

The geometry of the rectangular parallelepiped and the coordinate axes are
shown in ¯gure 1. The dimension of the container are l0x; l

0
y; and l0z with l0x being

measured in the vertical direction. It is ¯lled with an incompressible, newtonian °uid
of density ½ and kinematic viscosity º.

The geometry chosen in this study is a cubical cavity with l0x= l0y = l0z. Each
of the six walls being a solid wall, no-slip velocity boundary condition is applied on
them. The bottom wall at x0= l0x is kept at temperature T 02 and the top wall is kept
at T 01 < T 02. Other four vertical side walls are insulated and thus satisfy the condition
that the normal temperature derivative is zero. A problem that is closely related to
this case was reported in Deshpande (2003) (case C). The geometry in that case was
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also cubical and heating was done from below. Only di®erence in that case was that
the side walls were maintained at the constant temperature of the top wall T 01 which
amounts to non-dimensional value of zero. We will see that the present change in the
side wall temperature boundary condition will lead to interesting di®erences.

We will write down the governing equations in their non-dimensional form. Di-
mensional variables are indicated by a prime. Thus (x0; y0; z0) are the dimensional
variables, with x0 being measured downwards as shown in ¯gure 1. The depth of the
container l0x, reference velocity vref = º=l0x are the length and velocity scales used
to non-dimensionalize. Quantities without primes are the non-dimensional variables.
Hence

(x; y; z) = (x0; y0; z0)=l0x

(u; v;w) = (u0; v0; w0)=vref = (u0; v0; w0)l0x=º

¿ = tº=l0
2

x

p = p0

½v2
ref

pressure deviation from hydrostatic pressure

µ =
T 0¡T 01
T 02¡T 01

=
T 0¡T 01
¢T 0 Temperature,

where ¢T 0 = T 02 ¡ T 01 with T 01 & T 02 being two boundary values.

Other related variables are -

¯ = Coe±cient of expansion = 1
T 0 , for a perfect gas.

¯(T 0 ¡ T 00)= Relative change of volume
k = Thermal conductivity
® = k=(½Cp) Thermal di®usivity
Pr = ¹:CP=k Prandtl number
Ra = g¯ j T 02 ¡ T 01 j l03x =(º®) Rayleigh number, with gravity g acting

downward along the x-direction.
Gr = Ra=Pr Grashof number.

With these variables the governing equations of continuity, momentum and energy
are written with ¡!u =(u; v;w)

D = r:¡!u = 0 (2:1)

@¡!u
@¿

+ (¡!u :r)¡!u = ¡rp +r2¡!u ¡ êx
Ra

Pr
µ (2:2)

@µ

@¿
+ (¡!u :r)µ =

1

Pr
r2µ: (2:3)
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We will solve a Poisson equation for pressure which is derived by taking the diver-
gence of equation (2.2)

r2p = ¡@D
@¿
¡r:[(¡!u :r)¡!u ] +r2D ¡ Ra

Pr

@µ

@x
: (2:4)

In equation (2.4), D = 0 but it is retained for stability reasons (see Harlow &

Welch (1965)).

3. Numerical Solution

The ¯nite di®erence numerical solution procedure employed to solve equations
(2.2) - (2.4) is sketched only brie°y here since the details are reported in Deshpande
(2003). We use the well known Marker and Cell (MAC) method and the staggered
grid as proposed by Harlow & Welch (1965). An important improvement adopted here
is the third order upwind scheme suggested by Kawamura & Kuwahara (1985). This
scheme has good stability characteristics and maintains at the same time third order
accuracy of the convective terms.

In the staggered grid arrangement, the pressure and temperature are stored at the
cell centre and at the centre of each face of the cell is speci¯ed the velocity component
normal to the face (see ¯gure 1b). The grid is extended beyond each wall to take care
of the boundary conditions. Equations 2.2 & 2.3 are solved by time marching using
the Euler explicit method and equation 2.4 is solved iteratively for p.

Central di®erence scheme is used to approximate all the terms except the convective
terms which are approximated by the third order upwind scheme as mentioned above.
To maintain this high order of accuracy the boundary conditions are also approximated
by second order schemes. Thus the overall accuracy of the numerical scheme is second
order in space and ¯rst order in time.

4. Results and Discussion

The computational procedure discussed here has been tested extensively and some
of the test results have been reported in Deshpande (2003). Grid independence study
and tests to check the adequacy of other computational parameters like time increment
4¿ have been conducted successfully. A (44 x 44 x 44) uniform cartesian grid was found
to be satisfactory. Five cases were studied and two of them pertained to the classical
Rayleigh-Benard problem (see Chandrasekhar 1961): A layer heated from below and
both the bounding surfaces being rigid in the ¯rst case and being free in the second.
Critical value of the Rayleigh number to start the motion is known from the linear
stability theory. Ability to predict this value accurately is a good testimony to the
reliability of the present numerical procedure.

The problem considered in this study has been described in section 2. In terms
of the non-dimensional variables it amounts to a cube of unit dimension and the bottom
wall heated to µ = 1 and the top wall maintained at µ = 0. The four vertical side walls
are insulated. No-slip boundary condition is applied at all the six walls. The value of
Pr is kept at 1.
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We will show a set of results in ¯gures 2 & 3 pertaining to a family of solutions
and at Ra = 7; 000. Flow is supercritical for this value of Ra and hence °uid is set
into motion and the results shown in these ¯gures are for the steady state. Quite
interestingly another steady state solution has been observed for the same boundary
conditions. Results pertaining to the second set are shown in ¯gures 4 & 5. The two
sets of solutions will be compared subsequently and we will see that we have a family
of two solutions as Ra is changed. These will be identi¯ed as family A and family B,
respectively.

4.1 Family A solution

In ¯gure 2a is shown the streamline pattern in the vertical diagonal plane
(y = z). This plane is speci¯cally selected because the streamlines in this plane remain
there forever as shown by a typical streamline. This plane divides the cube into two
symmetrical prismatic cylinders each with a right-angled triangle base. The spiralling
out streamline indicates that the °uid motion is towards the focus from both the sides
and spiralling in the same sense (clockwise or counter clockwise). Hence we have a
horizontal ¯lament on either side of the plane, which is surrounded by spiralling °uid
and is perpendicular to this symmetry plane. This picture can be understood better
from ¯gure 2b where two streamlines are shown, one on either side of the vertical
symmetry plane. Flow is towards the centre of the cube from around the middle of
two vertical edges (y = 0; z = 1) and (y = 1; z = 0). This spiraling °ow spreads out
near the symmetry plane (y = z) and then moves back along the walls.

Temperature contours corresponding to this °ow are shown in ¯gures 3a & 3b in
the vertical planes z = 0:25 and z = 0:5, respectively. If Ra were subcritical the
temperature contours would be horizontal surfaces x = constant and they would show
up as horizontal lines in the z¡planes such as in these ¯gures. But in ¯gures 3a & 3b
the contours have been pushed in the direction of the velocity, upwards near y = 0 and
downwards near y = 1. Temperature contours in y-planes are similar to those in the
corresponding z-planes and hence are not shown.

Before we move to the next section to present another solution that has been
identi¯ed to belong to family B, it should be noted that these two families of solutions
are distinctly di®erent. In the present family A itself trivially di®erent solutions are
available because of symmetry which we do not distinguish from each other. For
example, the vertical plane y = z can be replaced by y+ z = 1 as the symmetry plane.
Sense of rotation of the pair of two vortices can be inter-changed between clockwise
and counter clockwise. But in these four cases grouped into family A, the vortices on
either side of the plane of symmetry would be spinning in the same direction and the
streamlines spiraling out in the plane of symmetry. Hence there is not any intrinsic
di®erence among these solutions and we group them as one solution. They can be
obtained from each other by proper re°ection or rotation. We have made no attempts
to see if all the four of them are supported by the present numerical scheme even though
in principle they should be. Subtle di®erences in the numerical scheme, for example
the initial conditions or the direction in which we sweep the iteration of the pressure
equation, may lead to a preference for a particular solution from this set. Even though
we group these four solutions in family A together we go back to them later in the
bifurcation diagrams since they may be of practical importance.
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We will see that the solutions in family B are distinctly di®erent from the present
set.

4.2 Family B solution

In ¯gure 4 are shown the streamlines for the same set of boundary conditions
as in the previous case and also for the same values Ra = 7000; P r = 1. But we
see a di®erent solution here and this belongs to what has been named as family B.
Now the vertical plane y = 0:5 is a plane of symmetry and the °ow consists of two
toroidal vortices, one on each side of this plane. A streamline on this plane of symmetry
remains on it only. The °ow direction around the vortex centre is towards the plane
of symmetry on both the sides and both the vortices spin in the same sense (either
clockwise or counter clockwise). Temperature contours in two planes z = 0:25 and
z = 0:5 are shown in ¯gures 5a and 5b. We see a distortion of the temperature
¯eld from linearity due to the velocity ¯eld, contours being pushed in the direction
of velocity. The contours are symmetrical in y about y = 0.5 plane. In frame (a)
corresponding to z = 0.25 plane velocity is generally upwards along the negative x-
direction and hence the temperature contours are pushed in that direction. In z = 0.75
plane, not shown here, they are pushed downwards. In z = 0.5 plane in frame (b) they
are symmetrical in x.

We may repeat that there are other symmetrical solutions possible for this case
also and we are not considering them separately. For example, instead of y = 0:5
being the plane of symmetry z = 0:5 can be the plane of symmetry. Also the sense
of rotation of the two vortices can be interchanged, but both of them should rotate
in the same direction. At the plane of symmetry the streamlines should spiral out
indicating that the °ow direction around the vortex centre is towards this plane on
both the sides. Even though the symmetrical solutions in this family are grouped
together, the di®erences may be of practical importance. We will address this question
in the bifurcation diagrams in ¯gure 10.

A quantitative comparison of the two distinct solutions is made by plotting u
component of velocity on the line x = z = 0:5 in ¯gure 6a, v component of velocity along
the line y = z = 0:5 in ¯gure 6b, w component of velocity along the line x = y = 0:5 in
¯gure 6c and temperature along the line y = z = 0:5 in ¯gure 6d. Because of symmetry
mentioned earlier u and v components are zero for family B and other functions are
odd functions in the respective variables as shown. Both u and v being zero for solution
B in ¯gures 6a & 6b indicates that vortex centreline coincided with the geometrical
centre of x ¡ z plane as was seen ¯gure 4. However, non zero value of w component
of velocity in ¯gure 6(c) indicates that the vortex is not rotationally symmetrical. For
solution A the vortex centre is along a diagonal line (see ¯gure 2) and hence u and
v are non-zero in ¯gures 6a & 6b. Specially notworthy is the temperature pro¯les in
¯gure 6d which look so close to each other on this line even though contour shapes are
much di®erent as seen from ¯gures 3b and 5b.

In ¯gure 7 are shown the velocity and temperature pro¯les along the three centre-
lines of the cube for family A solution for Ra = 7500 and Pr = 1. Similar plots for
family B but for a slightly lower value of Ra = 6000 are shown in ¯gure 8. These two
sets of ¯gures along with the previous streamlines and the contour plots should help
in getting a good feel for the °ow and temperature ¯eld.
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4.3 The Critical Rayleigh Number

For the set of boundary conditions chosen for the cubical box in this problem
there is a critical value of Rayleigh number (Ra)crit below which there is no °uid motion
and heat transfer is by conduction alone. This is because of °uid viscosity and absence
of gradients in the boundary conditions in the horizontal direction. Hence the °ow can
be stable for su±ciently low values of Rayleigh number.

Results shown in the previous ¯gures for the two families were for the supercritical
values of Ra = 6; 000 ¡ 7; 500. Steady velocity and temperature ¯elds were attained
for both the cases. In the earlier study in Deshpande(2003) determination of the
critical Rayleigh number for two cases of the Rayleigh-Benard problem was successfully
achieved. Based on that experience computations were done for both the families of
solutions. Convergence becomes slow near the critical value of Ra and computations
should be continued su±ciently long to assure whether a chosen Ra is subcritical or
supercritical. In a very slowly changing temperature ¯eld observation of the velocity at
a few locations may mislead whether it is growing or not. Hence it is quite important
to make sure that the temperature ¯eld also has reached the steady state.

Wall temperature at z = 0, x = y = 0:5 is shown as a function of Ra in ¯gure
9. This value is distinctly di®erent for the two families of solutions. We may recall
that for family A a vertical diagonal plane is the plane of symmetry dividing the cube
into two halves and for family B, on the other hand, a central plane perpendicular to
either y or z axis like y = 0:5 or z = 0:5 is the symmetry plane. From the previous
plots we know that for Ra < (Ra)crit heat transfer is by conduction only and this wall
temperature has to be 0.5. For Ra > (Ra)crit convection sets in and the temperature at
the monitoring point increases rapidly at ¯rst and asymptotically later. For the values
of Ra upto 7,500 studied here °ow reached a steady condition. In the neighbourhood
of (Ra)crit an increment of 0.1 in Ra was used.

It was observed that for Ra = 3386:7 and lower values velocities decreased to very
low values and remained there so that it can be considered as numerical noise. For
Ra = 3386:8 and higher values velocity grew to reach a ¯nal steady state value. Hence
we conclude (Ra)crit = 3386:75§ 0:25. Uncertainty value of §0:25 is taken here from
Deshpande (2003) for the Rayleigh-Benard cell case where both the boundary surfaces
were considered to be rigid. The critical Ra value predicted there was 1707.5 which
underpredicts the value of 1707.762 obtained from the linear stability theory.

Birfucation diagram shown for µ(x = 0:5; y = 0:5; z = 0) in ¯gure 9 was for two
distinct families of solutions A and B and ignored symmetrical solutions that can be
obtained by re°ection or rotation. But in reality these solutions are relevant too since
if we put a probe, which is a thermometer in this case, any one of these solution may
be obtained. Then the modi¯ed bifurcation diagram is shown in ¯gure 10a. Wall
temperature now can be any one of the two values from family A and any one of
the three solutions from family B. It is interesting to note that for Ra < (Ra)crit the
value of µ = 0:5 is for pure conduction but for Ra > (Ra)crit the same value is also
attained for the convection case in family B. Actually this ¯gure is a degenerate case
since the four solutions in family A have merged into two and two solutions of the
four in family B have merged into one leading to µ = 0.5. The most general case is
shown schematically in ¯gure 10b. Here each family has four possible solutions and
a probe, say a thermometer or a velocity probe like laser Doppler anemometer in the
¯eld, will measure any one of the eight values. Out of these eight possible solutions, we
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have seen before that only two are intrinsically distinct and are called here as multiple
solutions of the N-S equations and the other three in each set are merely manifestations
of symmetry. Nevertheless they are of engineering importance and hence are shown in
¯gure 10b.

In ¯gure 11 are shown some streamline patterns for Ra = 3388. This value of Ra
is only slightly above the critical value and the temperature ¯eld is almost the same
as that obtained from conduction. Hence it is very close to what one gets by linear
interpolation between planes x = 0; (µ = 0) and x = 1; (µ = 1). Hence µ = x are
the constant temperature surfaces for both family A and family B solutions. These
show up as horizontal lines in z and y planes and may be compared with the distorted
contour lines in ¯gures 3 & 5. But the velocity ¯eld is already set in and qualitatively
it is similar to what we have seen earlier for Ra = 7000. Since the °ow is very close
to the equilibrium case, velocities involved are very small and when a streamline takes
a loop, even a complicated 3-dimensional one, it is displaced only by a small amount.
That is why we see tightly wound loops of the streamlines in frames 11(a), (b) and
(c) for the solution of family A and in frame 11(d) for the solution of family B. As
before in the plane of symmetry y = z in the ¯rst three frames the streamlines spiral
out thus indicating a °ow towards this plane at the vortex centre. Thus in frame (c),
the streamline should gradually drift towards the edge y = 0, z = 1. In frame (d) the
streamline points towards the mid symmetry plane y = 0:5.

5. Conclusion

Free convection in a cubical cavity heated from below has been studied in this
report. Time accurate numerical solutions of the Navier-Stokes equations have been
obtained under the Boussinesq approximation. No-slip condition is applied at the six
walls and the four vertical side walls are insulated. Temperature di®erence with µ = 1;
0 at the bottom and top walls drives the °ow if Ra is greater than the critical value
which has been determined numerically to be (Ra)crit = 3386:75§ 0:25:

More interestingly, for the supercritical values of Ra two distinct solutions have
been obtained. In what has been called solution A, the cube is divided into two sym-
metrical halves by a vertical diagonal plane and the streamlines in this plane spiral out.
The °ow in either half is such that it is towards the focus of this spiral. Corresponding
to the same boundary conditions another solution has been found where a symmetry
plane, this time a vertical central plane of the cube, divides the cube into two halves.
This is solution B which consists of two toroidal vortices located symmetrically on
either side and the °ow at their centre being towards the plane of symmetry. The
solutions A and B are distinctly di®erent and each set, because of symmetry, consists
of four solutions which can be obtained by rotation or re°ection appropriately and they
are not considered separately here but are grouped into a single solution or a family of
solution.

In the analysis of the classical Rayleigh-Benard problem by the linear stability the-
ory the cell shape and °ow direction remain indeterminate even though the hexagonal
shape remains to be the preferred shape. But no multiplicity of solutions has been
suspected there. In the present case we have the distinct cubical shape with no-slip
conditions on the walls and still get two distinct families of solutions.

Recognition of the multiple solutions and the ability to compute them may be
important in many ¯elds of engineering where convective heat transfer is involved like
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crystal formation from melts, manufacture of semiconductors and metal casting.

I would like to thank Dr. S. Majumdar for helpful comments and Mr. B.G.
Srinidhi, Mrs. D. Shobha, Mrs. L. Vijayalakshmi and Mr. Mallikarjun for their help
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Figure 2. Streamlines for solution A. Ra=7000,  Pr=1.0.
             (a) Streamline in the vertical symmetry plane y=z.
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Figure 2(b) Two Streamlines indicating two vortices.
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Figure 3(b) On plane z=0.5.
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Figure 3. Temperature contours for solution A.
              Ra=7000, Pr=1. (a) On plane z=0.25.



Figure 4(b) The same vortices located one behind the other. 
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Figure 4. Streamlines for solution B. Ra=7000, Pr=1. (a) Two   
              vortices on either side of the symmetry plane y=0.5.
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Figure 5. Temperature contours for solution B. Ra=7000,
              Pr=1.0. (a) On plane z=0.25.

Figure 5(b) On plane z=0.5.
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Figure 6. Comparison of profiles between solutions A & B. Ra=7000,
              Pr=1.0. (a) u velocity on the centreline x=0.5, z=0.5.
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Figure 6(b) v velocity on the centreline y=z=0.5.
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Figure 8. Velocity and temperature profiles on the centrelines of the cube for solution
              corresponding to family B. Ra=6000, Pr=1.0. Frames to the left indicate 
              velocity profiles and frames to the right indicate temperature profiles.
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Figure 9. Bifurcation diagram Wall temperature at  z = 0, x = y= 0.5,
              when Ra is increased. Pr = 1. At (Ra)  = 3386.75  pure crit

              conduction solution bifurcates into convective solutions.  
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Figure 10. Bifurcation diagram including the solutions obtained due to 
                symmetry also.(a) For wall temperature at z = 0, x = y= 0.5.

Figure 10(b) Schematic diagram for any quantity f showing

                   all eight solutions in the two families.
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Figure 11. Streamlines for a case close to the critical Rayleigh 
              number. Ra=3388, Pr=1.0. (a) Family A solution.

Figure 11(b) Family A solution.
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Figure 11(c) Family A solution.

Figure 11(d) Family B solution.
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