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a b s t r a c t

We demonstrate the efficiency of a modification of the normal homotopy analysis method
(HAM) proposed by Liao [2] by including a non-homogeneous term in the auxiliary linear
operator (this can be considered as a special case of ‘‘further generalization’’ of HAM given
by Liao in [2]). We then apply the modified method to a few examples. It is observed that
including a non-homogeneous term gives faster convergence in comparison to normal
HAM. We also prove a convergence theorem, which shows that our technique yields the
convergent solution.

� 2012 Elsevier B.V. All rights reserved.

1. Introduction

Unlike perturbation methods [1], the homotopy analysis method (HAM) does not require the existence of a small param-
eter in terms of which a perturbation solution is developed and is thus valid for both weakly and strongly nonlinear prob-
lems. Most chemistry, engineering and physics problems are modelled by nonlinear differential equations. It is difficult to
find analytical solutions of nonlinear problems except in a few examples. In recent years determining approximate analytical
solutions using the homotopy analysis method has generated a lot of interest due to its applicability and efficiency and this
technique has been successfully applied to a number of nonlinear problems [3–9]. Some modifications for different types of
nonlinear equations have been developed in the literature [10–15]. Additional information on HAM can be found in Refs.
[16–19]. In this paper we attempt to answer the question, ‘‘Is there any additional freedom we can exploit in the framework
of the homotopy analysis method such that we get the same solutions in a fewer number of HAM approximations’’? In other
words, ‘‘Is it possible to reduce the order of the HAM approximation for obtaining the required approximate analytical solu-
tion to a given accuracy’’? We give a brief introduction to Liao’s scheme and the proposed scheme in the following two sec-
tions. Later we give the relation between the proposed scheme and a further generalization of Liao’s scheme, as given in [2].
We then propose criteria for choosing the additional terms and solve the considered problems. Finally we give the conclu-
sions of the major results of the paper.

2. Basic idea of the homotopy analysis method

Homotopy is a basic concept of topology [21,22]. To demonstrate the basic features of the homotopy analysis method, let
us consider the following differential equation:
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N½uðtÞ� ¼ 0 ð1Þ

where N is a nonlinear operator, t denotes the independent variable and uðtÞ is an unknown function. For simplicity we
ignore all boundary and/or initial conditions, which can be treated in a similar manner. Liao [2] constructs the so-called zero
order deformation equation as follows:

ð1� qÞL½/ðt; qÞ � u0ðtÞ� ¼ qhHðtÞN½/ðt; qÞ� ð2Þ

where q 2 ½0;1� is the embedding parameter, h is a nonzero auxiliary linear parameter, HðtÞ is nonzero auxiliary function,
u0ðtÞ is the initial guess of uðtÞ; L is an auxiliary linear operator and /ðt; qÞ is an unknown function. It is important, that
one has a lot of freedom in choosing the auxiliary linear operator, auxiliary parameter and auxiliary function in the frame-
work of the homotopy analysis method. Obviously, when q ¼ 0 and q ¼ 1, we have

/ðt; 0Þ ¼ u0ðtÞ; /ðt; 1Þ ¼ uðtÞ ð3Þ

respectively. Thus as q increases from 0 to 1; /ðt; qÞ varies from the initial guess u0ðtÞ to the exact solution uðtÞ. In topology
this is called a deformation and L½/ðt; 0Þ � u0ðtÞ� and N½/ðt; 1Þ� are called homotopic. By expanding /ðt; qÞ in a Taylor’s series
with respect to q, one has

/ðt; qÞ ¼ u0ðtÞ þ
X1
m¼1

umðtÞqm ð4Þ

where

umðtÞ ¼
1

m!

@mN½/ðt; qÞ�
@qm

����q ¼ 0 ð5Þ

If the initial guess, auxiliary linear operator, auxiliary parameter, and auxiliary function are properly chosen, such that the
series (4) converges at q ¼ 1, then we have

uðtÞ ¼ u0ðtÞ þ
X1
m¼1

umðtÞ ð6Þ

which must be one of the solutions of the nonlinear equation as proved by Liao. According to (5) the governing equation can
be found from the zero order deformation equation (2). For the sake of brevity, define the vector

~uðtÞ ¼ fu0ðtÞ;u1ðtÞ; . . . ;unðtÞg ð7Þ

Differentiating equation (2) m-times with respect to q and then setting q ¼ 0 and finally dividing by m!, we have the so-called
mth order deformation equation

L½umðtÞ � vmum�1ðtÞ� ¼ hHðtÞRmðum�1Þ ð8Þ

where

Rmðum�1Þ ¼
1

ðm� 1Þ!
@m�1N½/ðt; qÞ�

@qm�1 jq¼0 ð9Þ

and

vm ¼
0; for m ¼ 1
1; for m – 1

�
ð10Þ

3. Non-homogeneous auxiliary linear operator

To the best of our knowledge there is no prior implementation of the technique proposed in this work in the literature. In
order to apply the HAM, a prior knowledge of some of the properties of the solution is desirable either through a knowledge
of the physics or through numerical solutions, so that an appropriate choice of base functions can be made. After choosing
the base functions we choose the auxiliary linear operator, auxiliary function and auxiliary parameter so that the solution of
each deformation equation exists and the solution of each deformation equation can be expressed in terms of the base func-
tions. Let (1) be the equation that we have to solve. Our technique modifies Liao’s technique by taking the auxiliary linear
operator in the following form:

L½/ðt; qÞ� þ cGðt; qÞ

where L½/ðt; qÞ� is the usual auxiliary linear operator following Liao, c is a constant and Gðt; qÞ is a function of t and q, which is
zero at q ¼ 0 and q ¼ 1. For illustrating this general idea throughout the paper we choose a simple form of Gðt; qÞ, namely

Gðt; qÞ ¼ qð1� qÞf ðtÞ
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Author's personal copy

The form of the zero order deformation equation taken in this work is:

ð1� qÞL½/ðt; qÞ � u0ðtÞ� þ cqð1� qÞf ðtÞ ¼ qhHðtÞN½/ðt; qÞ� ð11Þ

At, c ¼ 0 the above equation reduces to the original form (2) of the zero order deformation equation as taken by Liao [2].
After this change, the whole procedure of finding either the higher order deformation equations or the approximate solution
is the same as mentioned previously. Applying this procedure may also reduce the computational cost for a given accuracy.
At q ¼ 0 and q ¼ 1, Eq. (11) reduces to the form (3); this is the basic requirement of HAM. The procedure of finding the high
order deformation equations is similar to Liao [20]. Only the form of the 1st and 2nd order deformation equation change, i.e.,
from 3rd order onwards, the form of the higher order deformation equations is exactly the same as Liao’s [2]. Throughout the
discussion the position of c and f ðtÞwill be fixed and will be common to all problems. Clearly, at c ¼ 0 we obtain the solution
of Liao’s scheme.

4. Relation to further generalization of HAM

The above suggested approach can also be considered as a special case of ‘‘Further Generalization’’ of HAM given by Liao
in his book [2]. Liao suggested a zeroth- order generalized deformation equation as:

½1� BðqÞ�L½/ðt; qÞ � u0ðtÞ� ¼ AðqÞhHðtÞN½/ðt; qÞ� þ h2H2ðtÞP½/ðt; qÞ� ð12Þ

where Að0Þ ¼ Bð0Þ ¼ 0 and Að1Þ ¼ Bð1Þ ¼ 1 are convergent power series of q in [0, 1] and

P½/ðt; 0Þ� ¼ P½/ðt; 1Þ� ¼ 0 ð13Þ

such as

P½/ðt; qÞ� ¼ AðqÞ½1� BðqÞ�F½/ðt; qÞ� ð14Þ

P½/ðt; qÞ� ¼ ½1� AðqÞ�½/ðt; qÞ�1þq � /ðt; qÞ ð15Þ

We can relate our approach to Liao’s generalized form as a special case by choosing AðqÞ ¼ BðqÞ ¼ q; H2ðtÞ ¼ 1; h2 ¼ �1 and
F ¼ f ðtÞ.

5. Criteria for the choice of c and f ðtÞ

Let fekðtÞ : k ¼ 1;2;3; . . .g denote the complete set of base function for the solution of uðtÞ. Then, we can express

f ðtÞ ¼
Xs

k¼1

ckekðtÞ ð16Þ

where s is a positive integer and the constant ‘‘c’’ is presumed to be subsumed in the constants ‘‘ck’’. Then, the mth order HAM
approximation contains (s + 1) convergence-control parameters namely: h; c1; c2; . . . ; cs, whose optimal value can be deter-
mined by the minimization of the square residual error of the governing equation as shown by Liao in the so-called optimal
HAM [15]. Suppose Dm is the square residual error of Eq. (1) at mth order HAM approximation, then

Dm ¼
Z b

a
N
Xm

i¼0

uiðnÞ
" # !2

dn ð17Þ

where the interval ½a; b� belongs to the domain of the problem considered. We can determine the constants by solving the
following algebraic equations:

@Dm

@h
¼ 0;

@Dm

@c1
¼ 0; . . . ð18Þ

6. Mathematical formulation, convergence theorem and examples

In order to demonstrate the efficiency of this technique we present an analysis of the following problems and also prove a
convergence theorem.

Example 1. Consider the following non-linear differential equation [2]:

u0ðtÞ þ u2ðtÞ ¼ 1; uð0Þ ¼ 0; t P 0 ð19Þ

The exact solution of Eq. (19) is tanhðtÞ. Following Liao [2], we choose exponential base functions, with the same initial guess
of uðtÞ, i.e.,

u0ðtÞ ¼ 1� expð�tÞ ð20Þ
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Choose the non-homogeneous auxiliary linear operator as follows:

L½/ðt; qÞ� þ cqð1� qÞf ðtÞ
where

L½/ðt; qÞ� ¼ @½/ðt; qÞ�
@t

þ /ðt; qÞ ð21Þ

From Eq. (19) we define the nonlinear operator as:

N½/ðt; qÞ� ¼ /0ðt; qÞ þ /2ðt; qÞ � 1 ð22Þ

The high-order deformation equation is

L½umðtÞ � vmum�1ðtÞ� þ cgðtÞ ¼ hHðtÞRmðumÞ ð23Þ

where

gðtÞ ¼
f ðtÞ; for m ¼ 1
�f ðtÞ; for m ¼ 2
0; for m P 3

8><
>: ð24Þ

Therefore the mth order deformation equations are

L½u1ðtÞ� ¼ hHðtÞR1ðtÞ � cf ðtÞ; m ¼ 1 ð25Þ

L½u2ðtÞ � u1ðtÞ� ¼ hHðtÞR2ðtÞ þ cf ðtÞ; m ¼ 2 ð26Þ

L½umðtÞ � um�1ðtÞ� ¼ hHðtÞRmðtÞ; m P 3 ð27Þ

subject to the initial conditions:

umðtÞ ¼ 0; m P 1 ð28Þ

where

Rmðum�1Þ ¼ u0m�1 þ
Xm�1

n¼0

unðtÞum�n�1ðtÞ � ½1� vm� ð29Þ

The mth order approximate solution uðtÞ is given by:

uðtÞ ¼
X1
m¼0

umðtÞ ð30Þ

Before discussing the solution, following Liao [2], we prove a convergence theorem.

Theorem 1. As long as the series (30) converges, where umðtÞ is governed by the high-order deformation equations (25)–(28)
under the definition (10) and (29), it must be the exact solution of (19).

Proof. If the series

uðtÞ ¼
X1
m¼0

umðtÞ ð31Þ

converges, we can write

SðtÞ ¼
X1
m¼0

umðtÞ ð32Þ

and it holds,

lim
m!1

umðtÞ ¼ 0 ð33Þ

From Eqs. (25)–(27) using (10) successively we get the following equations for m ¼ 1;2;3; . . . ;n

L½u1ðtÞ� ¼ hHðtÞR1ðtÞ � cf ðtÞ ð34Þ
L½u2ðtÞ � u1ðtÞ� ¼ hHðtÞR2ðtÞ þ cf ðtÞ; ð35Þ

..

.

L½unðtÞ � un�1ðtÞ� ¼ hHðtÞRnðtÞ; ð36Þ
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Now adding column-wise we get

L½u1 þ ðu2 � u1Þ þ � � � þ ðun � un�1Þ� ¼ ðhHðtÞR1 � cf ðtÞÞ þ ðhHðtÞR2 þ cf ðtÞÞ þ � � � þ hðtÞHðtÞRn

i.e.,

L½un� ¼ hHðtÞ
Xn

m¼1

Rm ð37Þ

Taking the limit n!1 and noting that h – 0 and HðtÞ – 0 and finally using (31), we get

X1
m¼1

RmðtÞ ¼ 0 ð38Þ

From (29) we have

X1
m¼1

RmðtÞ ¼
X1
m¼1

u0m�1ðtÞ þ
Xm�1

n¼0

unðtÞum�n�1ðtÞ � ð1� vmÞ
" #

¼
X1
m¼0

u0m � 1þ
X1
m¼1

Xm�1

n¼0

unðtÞum�n�1ðtÞ

¼
X1
m¼0

u0m � 1þ
X1
n¼0

X1
m¼nþ1

unðtÞum�n�1ðtÞ ¼
X1
m¼0

u0m � 1þ
X1
n¼0

unðtÞ
X1
i¼0

uiðtÞ ¼ _SðtÞ þ S2ðtÞ � 1

From the above equations we have

_SðtÞ þ S2ðtÞ � 1 ¼ 0; t P 0

and it also holds

Sð0Þ ¼ 0

Therefore according to the above two equations SðtÞmust be the exact solution of (19). Thus the theorem is valid even in the
case of the non-homogeneous auxiliary linear operator. It is evident from the proof that this is true for any value of c and
f ðtÞ. h

Solution:
We choose f ðtÞ ¼ c1 expð�tÞ þ c2 expð�2tÞ and fix c1 ¼ 0 because it’s use would produce secular terms. We fix h ¼ �1 and

HðtÞ ¼ expð�tÞ for both the schemes. We can determine c2 from the Fig. 1 where Dm has been plotted vs. c2. For c2 ¼ 0:06 the
h-curves are presented in Fig. 2 and for Liao’s scheme (where c1 ¼ c2 ¼ 0) h-curves are presented in Fig. 3, the corresponding
solutions at different orders of HAM approximation and the corresponding series of derivatives from both the schemes are
presented in Tables 1 and 2. The solution expression for both the schemes of order 10 with h ¼ �1 are given in Eqs. (39) and
(40):

Fig. 1. Square residual error Dm vs. c2 in case h ¼ �1; c1 ¼ 0 of order 6, 8, 10, by means of HðtÞ ¼ expð�tÞ. Blue: 6th order; red: 8th order; yellow: 10th
order. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)
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uLiaoðtÞ ¼ 1� e�21t

1024
þ e�20t

512
þ 5e�19t

512
� 11e�18t

512
� 45e�17t

1024
þ 15e�15t

128
� 11e�14t

32
� 105e�13t

512
þ 193e�12t

256
þ 63e�11t

256
� 319e�10t

256

� 105e�9t

512
þ 7e�16t

64
þ 53e�8t

32
þ 15e�7t

128
� 121e�6t

64
� 45e�5t

1024
þ 1013e�4t

512
þ 5e�3t

512
� 1023e�2t

512
� e�t

1024
ð39Þ

2.0 1.5 1.0 0.5

2.5

2.0

1.5

1.0

0.5

0.5
u’’ 0 ,u’’’ 0

u’’’ 0

u’’ 0

h

Fig. 2. h-Curves found by Liao’s scheme; solid line: u00ð0Þ vs. h; dashed line: u000ð0Þ vs. h of order 10, by means of HðtÞ ¼ expð�tÞ.
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Fig. 3. h-Curves found by proposed scheme with c2 ¼ 0:06 and f ðtÞ ¼ expð�2tÞ; solid line: u00ð0Þ vs. h; dashed line: u000ð0Þ vs. h of order 10, by means of
HðtÞ ¼ expð�tÞ.

Table 1
Comparison between Liao’s scheme and proposed scheme with exact solution. We have taken h ¼ �1 and HðtÞ ¼ expð�tÞ for both the schemes.

t HAM 5th order Proposed 5th order HAM 10th order Proposed 10th order Exact solution

1/4 0.24491 0.24490 0.24492 0.24492 0.24492
1/2 0.46190 0.46184 0.46212 0.46212 0.46212
3/4 0.63420 0.63414 0.63514 0.63515 0.63515
1 0.75964 0.75965 0.76156 0.76159 0.76159
3/2 0.90204 0.90225 0.90507 0.90513 0.90514
2 0.96120 0.96147 0.96395 0.96402 0.96403
5/2 0.98454 0.98477 0.98655 0.98661 0.98661
3 0.99367 0.99384 0.99501 0.99506 0.99505
4 0.99878 0.99885 0.99931 0.99933 0.99933
5 0.99970 0.99973 0.99990 0.99991 0.99991
10 1.00000 1.00000 1.00000 1.00000 1.00000
100 1.00000 1.00000 1.00000 1.00000 1.00000
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uproposedðtÞ ¼ 1� e�21t

1024
þ 83e�20t

64;000
þ 71;557e�19t

6;400;000
� 5;175;155;837e�18t

308;000;000;000
� 691;352;811;153e�17t

12;320;000;000;000

þ 145;445;517;892;193e�16t

1;501;500;000;000;000
þ 340;952;708;043;601e�15t

2;102;100;000;000;000
� 12;461;231;893;639e�14t

37;537;500;000;000

� 2;756;573;215;259e�13t

9;240;000;000;000
þ 29;492;523;646;261e�12t

38;500; 000;000;000
þ 3;815;504;752;991e�11t

10;500;000;000;000

� 336;389;835;907e�10t

262;500;000;000
� 959;889;392;353e�9t

2;800;000;000;000
þ 8;939;444;197;793e�8t

4;900;000;000;000

� 2;448;652;614;491e�7t

115;500;000;000;000
� 10;030;822;156;459e�6t

5;775;000;000;000
� 1;639;774;008;067e�5t

9;240;000;000;000

þ 376;214;885;173e�4t

184;800;000;000
þ 1;235;490;931e�3t

223;437;500;000
� 3;007;101;185;274;421e�2t

1;501;500;000;000;000

þ 14;222;289;524;479e�t

84;084;000;000;000;000
ð40Þ

Example 2. Consider the nonlinear differential equation called the Duffing oscillator in space, see reference [2]:

v 00ðtÞ þ �ðvðtÞ � v3ðtÞÞ ¼ 0 ð41Þ

with the boundary conditions:

vð0Þ ¼ vðpÞ ¼ 0 ð42Þ
Solution:

Define

A ¼ v p
2

� �
; vðtÞ ¼ AuðtÞ ð43Þ

then Eq. (41) becomes

u00ðtÞ þ �ðuðtÞ � A2u3ðtÞÞ ¼ 0; uð0Þ ¼ uðpÞ ¼ 0 ð44Þ

It is obvious that

u
p
2

� �
¼ 1

According to Kahn and Zarmi [23], the exact relation between � and A is:

� ¼ 2

p
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� A2

2

q K
A2

2� A2

 !2
64

3
75

2

ð45Þ

where KðfÞ is the complete elliptic integral of first kind. According to the above exact solution, � tends to infinity as jAj ap-
proaches to 1. We find the amplitude A using the proposed scheme by removing the secular terms [2] and then we compare
our results with Liao’s results [2]. We choose the same initial guess u0ðtÞ ¼ sinðtÞ and the auxiliary function HðtÞ ¼ 1 for both
the schemes. The set of base functions in this case is

fsin½ð2mþ 1Þt� : m P 0g ð46Þ

and the auxiliary linear operator is

L½/ðt; qÞ� ¼ @
2½/ðt; qÞ�
@t2 þ /ðt; qÞ ð47Þ

Table 2
Comparison between the corresponding first derivative series for both the schemes with first derivative of exact solution at different time.

t Derivative of (39) Derivative of (40) Derivative of tanhðtÞ

0 1.00000000 1.00000000 1.00000000
1 0.41990000 0.41990000 0.42000000
2 0.07067000 0.07067000 0.07067000
3 0.00990200 0.00986800 0.00986600
4 0.00135700 0.00134000 0.00134100
5 0.00018800 0.00018070 0.00018160
6 0.00002697 0.00002419 0.00002458
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This is the auxiliary operator in Liao’s scheme. We apply the above mentioned procedure for this problem. We choose
f ðtÞ ¼ c1 sinðtÞ þ c2 sinð3tÞ þ c3 sinð5tÞ and fix c1 ¼ 0 because it’s use would produce secular terms. We fix h ¼ � 1

5 and
HðtÞ ¼ 1 for both the schemes. As a special case we use c2 ¼ 0 and find c3 from Fig. 4. The corresponding results are presented
in Table 3. Following Liao [2], we take

h ¼ � 1
1þ �

3

� � ð48Þ

then for each value of � we obtain the square residual error in Fig. 5 and we choose c1 ¼ 0 for f ðtÞ ¼ c1 sinðtÞ þ c2 sinð3tÞ.
Clearly, the square residual error decreases. We find approximately the same h-curves as found by Liao [2], so that the region
of convergence is approximately the same.

Example 3. For the above example it has been shown in [2] that it admits multiple solutions, when the set of base functions
is of the form

fsin½ð2mþ 1Þjt� : m P 0; j P 1g ð49Þ

Following Liao [2], we determine the multiple solutions including the non-homogeneous term. Without loss of generality,
define

A ¼ v p
2j

� �
; vðtÞ ¼ AuðtÞ ð50Þ

−0.5 −0.4 −0.3 −0.2 −0.1 0 0.1 0.2 0.3 0.4 0.5
0

0.1

0.2

0.3

0.4

0.5

c3

Sq
ua

re
 re

si
du

al
 e

rro
r

Normal HAM 

Fig. 4. Square residual error Dm vs. c3 in case � ¼ 25; h ¼ � 1
5 ; c1 ¼ c2 ¼ 0 of order 11.

Table 3
The analytical approximations of A when � ¼ 25; h ¼ � 1

5 and HðtÞ ¼ 1.

Order of
approximation

� ¼ 25 by Liao’s
scheme

� ¼ 25; c2 ¼ �0:3;
f ðtÞ ¼ sinð5tÞ by proposed
scheme

5 1.01046 0.99642
10 1.00313 1.00169
15 1.00117 1.00044
20 1.00049 1.00014
25 1.00017 1.00003
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then Eq. (41) becomes

u00ðtÞ þ �ðuðtÞ � A2u3ðtÞÞ ¼ 0; uð0Þ ¼ uðpÞ ¼ 0 ð51Þ
Clearly A is unknown in the above equation and we obtain find this by removing the secular terms like [2] for different

values of � and j. From Eq. (50), it holds

u
p

2j

� �
¼ 1 ð52Þ

Because the problem is the same except for the parameter j, we can apply the above technique here also. We choose the
same initial guess u0ðtÞ ¼ sinðjtÞ and the auxiliary function HðtÞ ¼ 1 as taken by Liao in [2]. In this case we choose
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Fig. 5. Square residual error Dm vs. c2 in case � ¼ 1;2;3;4;5; h ¼ � 1
1þ�3ð Þ ; c1 ¼ 0 of order 3; black: � ¼ 1; blue: � ¼ 2; red: � ¼ 3; green: � ¼ 4; orange: � ¼ 5;

vertical line corresponds the residual error for Liao’s scheme for each �. (For interpretation of the references to colour in this figure legend, the reader is
referred to the web version of this article.)

−0.8 −0.6 −0.4 −0.2 0 0.2 0.4 0.6
4

4.2

4.4

4.6

4.8

5

5.2

5.4

5.6

5.8
x 10−4

c2

Sq
ua

re
 re

si
du

al
 e

rro
r

Normal HAM 

Fig. 6. Square residual error Dm vs. c2 in case h ¼ � 1
2 ; c1 ¼ 0; j ¼ 2; � ¼ 40 of order 11, by means of HðtÞ ¼ 1.
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f ðtÞ ¼ c1 sinð2tÞ þ c2 sinð6tÞ and f ðtÞ ¼ c1 sinð3tÞ þ c2 sinð9tÞ for j ¼ 2 and j ¼ 3, respectively. We fix c1 ¼ 0; h ¼ � 1
2 and

HðtÞ ¼ 1. We find c2 from Figs. 6 and 7 for j ¼ 2 and j ¼ 3, respectively. We present a comparison between both the schemes
in Tables 4 and 5. The exact analytical result is given by the implicit formula

� ¼ 8j2

p2ð2� A2Þ
K

A2

2� A2

 !
ð53Þ

where KðfÞ is the complete elliptic integral of first kind. For � ¼ 40; j ¼ 2 and c2 ¼ 2=5, the solution expression of uðtÞ of
order 5 at h ¼ �1=2 by means of HðtÞ ¼ 1 is given in Eq. (54). Similarly � ¼ 90; j ¼ 3 and c ¼ 1:2, the solution expression
of uðtÞ of order 5 at h ¼ � 1

2 by means of HðtÞ ¼ 1 is given in Eq. (55):

uðproposed;�¼40ÞðtÞ ¼ 1:1764 sinð2tÞ þ 0:21834 sinð6tÞ þ 0:053345 sinð10Þ þ 0:013777 sinð14tÞ þ 0:0025753

� sinð18tÞ þ 0:00020878 sinð22tÞ ð54Þ

−0.4 −0.2 0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6
0.95

1

1.05

1.1

1.15

1.2

1.25

1.3

1.35

1.4
x 10−3

c2

Sq
ua

re
 re

si
du

al
 e

rro
r

Normal HAM 

Fig. 7. Square residual error Dm vs. c2 in case h ¼ � 1
2 ; c1 ¼ 0; j ¼ 3; � ¼ 90 of order 11, by means of HðtÞ ¼ 1.

Table 4
Comparison of the analytical approximation of A between Liao’s scheme and proposed scheme when
� ¼ 40; j ¼ 2 by means of h ¼ � 1

2 and HðtÞ ¼ 1.

Order of approximation � ¼ 40; j ¼ 2 Liao’s scheme � ¼ 40; j ¼ 2; c2 ¼ 2=5;
f ðtÞ ¼ sinð6tÞ proposed scheme

2 0.98070 0.97788
4 0.99912 1.00064
6 0.99613 0.99524
8 0.99656 0.99683

10 0.99656 0.99632
12 0.99635 0.99646
14 0.99649 0.99644
16 0.99641 0.99643
18 0.99645 0.99644
20 0.99643 0.99643
22 0.99644 0.99644
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uðproposed;�¼90ÞðtÞ ¼ 1:1766 sinð3tÞ þ 0:21862 sinð9tÞ þ 0:053344 sinð15tÞ þ 0:013708 sinð21tÞ þ 0:002566421

� sinð27tÞ þ 0:000209525 sinð33tÞ ð55Þ

7. Conclusion

It is observed from Figs. 2 and 3, that the non-homogeneous term does not effect the region of convergence of the prob-
lems considered so far. However the use of the non-homogeneous term helps in reducing the square residual error, as clear
from Figs. 1 and 4–7. It is clear from Table 1, that we obtain adequate accuracy with our proposed scheme for a maximum
approximation of order 10. This is a significant improvement over Liao’s scheme with a little additional effort. The first deriv-
ative of the approximate solution found by the proposed scheme also agrees well with the first derivative of the exact solu-
tion in comparison to Liao’s scheme as shown in Table 2. Similarly, we see faster convergence not only for the solutions but
also for the HAM amplitudes found by removing the secular term for the Duffing-oscillator problem in space. This is clear
from Tables 3–5. We can observe from the above analysis that a little additional effort leads to a significant improvement
in the approximate solutions by reducing the square residual error.
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